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	DCM 903 ADVANCED STATISTICAL METHODS


Course Purpose
This course provides you with strong statistical analysis skills and knowledge to apply in empirical research of commerce and management. The course emphasizes both theoretical understanding and practical application, utilizing statistical methods and software for data analysis to enhance high-quality research.
Expected Learning Outcomes
Upon completion of this course, students should be able to:
1. Describe the Statistical concepts and methods for research.
2. Discuss the statistical techniques for data analysis, hypothesis testing and interpretation of complex datasets.
3. Evaluate the validity and reliability of statistical analyses with empirical data.
4. Acquire interpretation skills to complex research problems for high-quality independent empirical research.
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 INSTRUCTIONAL HOURS: 4
Module Overview
This module provides a comprehensive review of fundamental statistical concepts and methods essential for conducting and interpreting statistical analyses data analysis in business research.
Expected Learning Outcomes
By the end of this module, you should be able to:
1. Define and describe the fundamentals statistical concepts
2. Determine and understand the various statistical methods
3. Evaluate the role of statistics in research and decision-making
4. Utilize statistical software to perform data analysis
[bookmark: _Toc179201662]    Learning Activities/Task List
1. Watch Lecture Video[image: Shape

Description automatically generated with low confidence]
2. Review power presentation PDF
3. Watch lecture related videos
4. Complete participation assignment:  Quiz 1
5. Complete personal introduction video
6. Review concept assignment : Quiz 2

[bookmark: _Toc179201663]INSTRUCTIONAL MATERIALS & LEARNING ACTIVITIES 
	(Learners to engage in self-directed learning	READING MATERIAL 1	(Notes, presentation, an article, a book chapter, case study,  video, please add assessment…)

Introduction to Statistics
Statistics is the science that deals with the collection, preparation, analysis, interpretation, presentation, and organization of data to draw conclusions for policy formulation.
It provides tools and methods to make sense of data, draw meaningful conclusions, and make informed decisions.
Understanding and applying statistical concepts and methods by an individual is essential for analyzing data and drawing valid data-driven decisions that will gain valuable insights into various aspects of re life.
These statistical concepts and methods form the foundation of statistical data analysis, allowing researchers to summarize data, make predictions, test hypotheses, model relationships between variables, and infer conclusions about larger populations based on sample data.
Statistics is integral to both research and decision-making, providing the tools needed to analyze data, test hypotheses, and make informed choices. Whether in scientific research, business, public policy, or everyday decisions, statistics help us understand the world, manage uncertainty, and optimize outcomes.
Concepts in Statistics
· Data: A collection of sample data (facts or observations) for analysis.
· Population: The entire group of individuals or objects under study.
· Sample: A subset of the population used to represent the whole.
· Variable: A characteristic or attribute that can vary among individuals in a population.
· Descriptive Statistics: Summarizes and describes data.
· Inferential Statistics: Makes inferences about a population based on sample data.
Types of Data
· Quantitative: Numerical data that can be measured.
· Discrete: Can take only specific values (e.g., number of cars, number of customers, number of siblings).
· Continuous: Can take any value within a range (e.g., age, income, temperature, height, weight).
· Qualitative: Categorical or Descriptive data that cannot be measured numerically (e.g., color, gender, occupation).
Statistical Pillars and Methods
The field of statistics can be divided into several core pillars that together form its statistical foundation. These pillars are interconnected as it forms the basis of statistical thinking and practice while working towards a comprehensive framework for statistical analysis.
These pillars guide the process from data collection and analysis to interpretation and decision-making. Understanding these pillars is essential for researchers and analysts conducting robust and meaningful statistical analyses who can effectively collect, analyze, and interpret data to make informed decisions and solve problems.
1. Explorative Statistics and Design
This pillar focuses on planning and conducting studies to collect meaningful data. It covers methods for gathering high-quality data, selecting representative samples, and design experiments or surveys that yield valid, reliable, and unbiased information.
· Study Design: Includes experimental designs (e.g., randomized controlled trials) and observational studies (e.g., cohort studies) that impact the validity of statistical inferences.
· Experimental designs: Experimental Design ensures that studies are conducted in a way that produces reliable and valid results.
· Data Collection: - Involves gathering relevant data to answer research questions. The data collection Methods include; surveys, experiments, observations, and other existing data sources.
· Bias and Confounding: Ensuring data collection methods minimize biases and confounding variables that could distort the results.
· 
·  Sampling Methods and Techniques: Techniques such as random sampling, stratified sampling, and systematic sampling are used to select representative samples from a population (e.g., simple random sampling, stratified sampling, cluster).
· Data Quality and Quantity
· Data Cleaning and Transformation
· Ethical considerations in data.
· Randomization
· Replication
· Blocking
· Factorial Designs
· Survey Design
2. Descriptive Statistics:
These involves summarizing and organizing data to describe the basic features/characteristics of a dataset. This pillar provides simple summaries, describing and visualizations of data sets, helping to highlight patterns and trends of data. They provide a way to understand the characteristics of a dataset without making inferences about a larger population.
· Data Analysis: Involves applying statistical techniques to extract meaningful information from data e.g. Exploratory, Descriptive/Diagnostic, Inferential analysis (Explanatory, hypothesis testing, Univariate and multivariate analysis), Prescriptive and Predictive analysis.
Data Visualization: visually represent the distribution and key characteristics of the data in a clear and understandable way to help communicate findings effectively. The techniques include charts (e.g., bar charts, histograms, line charts), graphs (scatter plots, and box plots), and maps.

· Measures of Central Tendency: 
These are statistics that describe the center of a data set. They tell us where the data is centered. The most common measures include;
· Mean: The arithmetic average value of a dataset (set of series/distribution of numbers/values).
· Median: The middle value in a data set when the numbers/ data is sorted or arranged in order.
· Mode: The value that appears most frequently in a data set.
· Frequency distributions, histograms, and bar charts
· Measures of Dispersion/ Variability: These statistics describe the spread or scattered of data points in a data set.
· Range: The difference between the largest/ highest and lowest/ smallest values in a series or distribution.
· Variance: The average of the squared differences from the mean. It Measures the spread of data around the mean. It is the average squared deviation from the mean.
· Standard Deviation: The square root of the variance, representing the average distance from the mean. It is more commonly used as a standard error.
· Measures of Partition/Position:
· Quartiles
· Deciles
· Percentiles
· 
· Measures of Stability:
· Skewness
· Kurtosis
· Moments
3. Data Distribution: Understanding the shape of data distribution is important. Common distributions include:
· Normal Distribution: A symmetrical, bell-shaped distribution where most of the data points cluster around the mean.
· Skewed Distribution: A distribution where data points tend to be more spread out on one side of the mean than the other.
4. Inferential Statistics: These allow for making generalizations, inferences, predictions draw conclusions about populations or a larger group of individuals/objects based on sample data. This pillar involves drawing conclusions beyond the immediate data, estimating population parameters, and testing hypotheses. They include;
· Parametric and Non-Parametric Analysis
· Correlation analysis - These measures the strength and direction of association/closeness between two adjacent variables.
· Ranges from -1 to 1.
· A value of 1 indicates a perfect positive correlation (variables increase or decrease together).
· A value of -1 indicates a perfect negative correlation (one variable increases as the other decreases).
· A value of 0 indicates no correlation between the variables.
They include;
· Pearson Correlation Coefficient (r): Measures the linear relationship between two continuous variables.
· Spearman Rank Correlation Coefficient: (ρ): Measures the monotonic relationship between two variables, regardless of whether the relationship is linear. Used when the data are not normally distributed or when the relationship is non-linear.
· Point-biserial correlation coefficient: Measures the correlation between a continuous variable and a dichotomous (binary) variable.
Interpreting Correlation Coefficients
· Strength of the relationship: The closer the absolute value of the correlation coefficient is to 1, the stronger the relationship.
· Direction of the relationship: The sign of the correlation coefficient indicates the direction of the relationship. A positive coefficient indicates a positive relationship, while a negative coefficient indicates a negative relationship.  

Example:

If you were studying the relationship between hours of study and exam scores, a positive correlation coefficient would indicate that as hours of study increase, exam scores tend to increase as well.

Important Considerations:
· Correlation does not imply causation: A strong correlation between two variables does not necessarily mean that one variable causes change in the other. There may be other factors influencing both variables.
· Outliers: Outliers can significantly affect the correlation coefficient. It's important to identify and handle outliers appropriately.
· Non-linear relationships: Correlation analysis is primarily designed to detect linear relationships. If the relationship between two variables is non-linear, correlation analysis may not be the most appropriate method.
· Regression analysis – Involves modeling, measurement and predicting relationship between a dependent variable and one or more independent variables to predict outcomes. They include; -
· Simple Linear Regression: A method to predict the value of a dependent variable based on the value of an independent variable.
· Multiple Regression: An extension of simple linear regression that uses multiple independent variables to predict the dependent variable.
· Analysis of Variance (ANOVA): It is a statistical technique used to compare the means of multiple groups. It is particularly useful when you want to determine if there are significant differences between the average values of a variable across different categories or groups.
· Probability Theory and Distribution
Probability: The measure of the likelihood that an event will occur, ranging from 0 (impossible event) to 1 (certain event).
Probability Theory: Deals with the study of chance and randomness.
Provides the mathematical foundation for inferential statistics and statistical reasoning. It deals with the likelihood of events occurring and is essential for understanding and modeling random processes. They include;
a. Probability Distributions: Functions that describes how probabilities are distributed over the values of a random variable to obtain different outcomes in an experiment. Key distributions include:
i. Binomial Distribution: Used for discrete data, representing the number of successes in a fixed number of independent trials.
ii. Normal Distribution: Used for continuous data, representing the distribution of a variable that is the sum of many small, independent effects.
iii. Poisson Distribution:
b. Random Variables:
c. Expected Values and Variance:
d. Laws of Probability: (e.g., addition rule, multiplication rule).
e. The Law of Large Numbers: States that as the size of a sample increases, the sample mean will get closer to the population mean.
f. Conditional Probability:
g. Bayes' Theorem:
h. Central Limit Theorem: Indicates that the distribution of the sample mean will approach a normal distribution as the sample size becomes large, regardless of the original distribution of the data.
Statistical techniques
The specific statistical techniques that can be used to analyze and test variables and models include;
· Hypothesis Testing:
Formulating a hypothesis about a population parameter and then using sample data to test that hypothesis. Involves determining whether there is enough evidence to reject a null hypothesis in favor of an alternative hypothesis. Hypothesis testing is Making a decision about whether to reject or fail to reject the hypothesis.
A method for making decisions about the population based on sample data. It involves:
· Null Hypothesis (H₀): A statement that there is no effect or difference.
· Alternative Hypothesis (H₁): A statement that there is an effect or difference.
· Confidence Intervals:
· These provide a range of values within which we are confident a population parameter lies.
· Estimating a population parameter with a certain level of confidence.
· A range of values are derived from the sample data within which the population parameter is expected to fall with a certain level of confidence or significance level (e.g., 95% or 5% confidence interval) that is likely to contain the true population parameter.
· P-value: The probability of observing the data, or something more extreme, if the null hypothesis is true. It indicates the probability of obtaining the observed results if the null hypothesis is true.
In hypothesis testing, p-values are commonly used to determine statistical significance. Discuss the limitations of relying solely on p-values for decision-making in research, and suggest alternative methods for assessing the strength of evidence in statistical analysis.
· Statistical Tests:
· T-tests: Used to compare the means of two groups (independent or paired).
· ANOVA (Analysis of Variance): Used to compare means across three or more groups (multiple groups).
· Chi-Square Tests: Used to test for independence or association between categorical variables.
[image: ]VIDEO 1 Definition of Statistics
There is sometime a mix between data and statistics but you can get the difference by watching the YouTube videos 1 and 2. After watching the video, answer the questions that follows
This video explained the difference between data and statistics – here is the link https://www.youtube.com/watch?v=eqZUP-OgMds&t=82s
This video also explains the difference between data and statistics (https://www.youtube.com/watch?v=ELznUZHgYn4)
[bookmark: _Hlk179552659]Consider the following Cases. In each case, identify data and describe the statistics. 
· Question: "You have collected customer feedback scores from a recent survey. How would you use this data to determine overall customer satisfaction levels and identify areas for improvement?"
· Expected Answer: In this question, the raw customer feedback scores are the data. When you calculate the average score, determine the distribution, or analyze trends over time, you are using statistics to summarize and interpret the data.
· Question: "Your company has gathered daily sales figures for the past year. How would you analyze this data to predict future sales trends and make inventory decisions?"
· Expected Answer: The daily sales figures represent the data. When you use statistical methods, such as regression analysis, to identify trends, forecast future sales, or determine seasonality effects, you are applying statistics to extract meaningful insights from the data.

Applications of Statistics
Statistics is used in a wide range of fields, including:
a) Business: Market research, financial analysis, quality control
b) Education: Educational research, student assessment
c) Social Sciences: Psychology, sociology, economics. 
d) Healthcare: Medical research, epidemiology.
e) Natural Sciences: Biology, physics, chemistry.
f) Engineering: Quality control, product development
g) Government: Policy making, economic analysis
The Role of Statistics in Research and Decision-Making
Statistics plays a crucial role in both research and decision-making processes across various fields. It provides the tools and methodologies needed to collect, analyze, interpret, and present data in a meaningful way, allowing researchers and decision-makers to draw meaningful conclusions and make informed choices.
Here’s an overview of how statistics contribute to these fields:
1. Foundation for Research Design
· Formulating Hypotheses: Statistics helps researchers design studies that can test hypotheses effectively. By using statistical methods, researchers can determine the sample size needed, the type of data to collect, and the appropriate analysis techniques to use.
· Data Collection and Sampling: Proper statistical techniques ensure that data collection methods are unbiased and that samples are representative of the population. This is critical for the validity and reliability of the research findings.
2. Enhancing Research Objectivity and Rigor
· Reducing Bias: Statistical methods help in minimizing biases in research by providing standardized procedures for data collection, analysis, and interpretation. This enhances the objectivity and rigor of the research.
· Ensuring Reliability and Validity: Statistics helps in assessing the reliability (consistency) and validity (accuracy) of research findings. Techniques such as confidence intervals and p-values provide measures of the certainty of the results.
· Data Collection and Study Design: Statistics guide researchers in designing experiments and surveys that produce reliable and valid data. This includes selecting appropriate sample sizes, randomizing subjects, and controlling for confounding variables to reduce bias and ensure the accuracy of the findings.
· Hypothesis Testing: Statistical methods enable researchers to test hypotheses by determining whether observed data provides sufficient evidence to support or refute a given theory. This is essential for validating research findings and advancing scientific knowledge.
· Quantifying Uncertainty: Statistics allow researchers to measure the degree of uncertainty in their results, often through confidence intervals and p-values. This helps in understanding the reliability of the findings and the likelihood that they reflect true effects in the population.
2. Data Analysis and Interpretation
· Summarizing Data: Descriptive statistics provide a way to summarize and describe the main features of a dataset. This includes measures of central tendency (mean, median, mode), measures of variability (range, standard deviation), and data visualization (graphs, charts).
· Identifying Patterns, Trends Relationships: Through statistical analysis, researchers can uncover patterns, trends within the data that might not be immediately obvious. Also, correlations and regression analysis helps identify relationships between variables over time, and potential causes and effects. This is particularly useful in fields such as economics, psychology, and public health, where complex data sets are common.
· Descriptive Analysis: Statistics are used to summarize and describe the characteristics of the data, making it easier to understand and communicate findings. This includes calculating measures of central tendency (mean, median) and variability (standard deviation, variance), as well as creating visualizations like histograms and scatter plots.
· Inferential Analysis: Inferential statistics enable researchers to make generalizations about a population based on sample data. This includes estimating population parameters, making predictions, and assessing the strength of relationships between variables.
· Hypothesis Testing: Inferential statistics allow researchers to make inferences about a population based on sample data. Hypothesis testing helps in determining whether the observed data support a particular theory or whether any differences observed are likely due to chance.
3. Decision-Making in Business and Policy
· Data-Driven Decisions: In business and policy-making, statistics provide the foundation for making informed decisions. Statistical analysis helps organizations understand market trends, customer behavior, and operational efficiencies, enabling them to make strategic decisions based on data rather than intuition.
· Risk Assessment and Management: Statistics provide a framework for assessing risks and uncertainties in various decision-making scenarios. Statistics are used to evaluate risks and make decisions under uncertainty. Techniques such as probability analysis and predictive modeling help in assessing potential outcomes and their likelihood, aiding in risk management. By quantifying the probabilities of different outcomes, decision-makers can better understand potential risks and benefits, leading to more informed choices.
· Optimizing Resources: In business and policy-making, statistics help optimize the allocation of resources by identifying the most effective strategies based on data-driven insights. For example, statistical models can be used to predict consumer behavior, optimize supply chains, and improve marketing strategies.
· Evaluating Outcomes: Decision-makers use statistics to evaluate the outcomes of their actions and policies. This involves analyzing data to determine whether the intended effects were achieved and whether any unintended consequences arose. Statistical methods such as regression analysis and hypothesis testing are commonly used in this context.
· Optimization and Efficiency: Statistical methods such as regression analysis and optimization techniques help businesses and policymakers improve processes, reduce costs, and increase efficiency by identifying the most effective strategies and actions.
4. Driving Innovation and Improvement
· Continuous Improvement: In fields like manufacturing and quality control, statistics are used to monitor processes and identify areas for improvement. Techniques such as Six Sigma and statistical process control rely on data analysis to reduce variability and improve product quality.
· Innovation through Data-Driven Insights: In research and development, statistics enable the identification of new opportunities and the testing of innovative ideas. By analyzing experimental data, researchers can determine the effectiveness of new products, treatments, or technologies, paving the way for innovation.
5. Predictive Analytics and Forecasting
· Forecasting Future Trends: Predictive analytics, a branch of statistics, uses historical data to predict future events. This is widely used in finance, marketing, healthcare, and other fields to forecast trends, demand, and risks.
· Simulation and Modeling: Statistics allows for the creation of models and simulations that can predict the outcomes of various scenarios. This is crucial for planning and decision-making in areas such as supply chain management, resource allocation, and disaster preparedness.

6. Supporting Evidence-Based Practice
· Public Health and Safety: Statistics are vital in public health for tracking disease outbreaks, assessing the effectiveness of interventions, and guiding health policies. For instance, statistical models help predict the spread of infectious diseases and evaluate the impact of vaccination programs.
· Public Policy: Governments and organizations use statistical evidence to design and evaluate policies. Statistics help in understanding the impact of policies on different segments of the population, assessing the effectiveness of interventions, and making data-driven policy adjustments.
· Economic and Social Policies: Governments rely on statistical data to inform policies related to employment, education, and social services. Economic indicators such as GDP, unemployment rates, and inflation are all derived from statistical analyses, providing a basis for policy decisions.
7. Ethical Considerations, Data Integrity and Transparent Decision-Making
· Ensuring Ethical Use of Data: Statistics plays a role in ensuring that data is used ethically and responsibly. This includes safeguarding against the misuse of data, ensuring privacy, and maintaining the integrity of the research process.
· Ensuring Fairness: In areas like criminal justice and social policy, statistics are used to ensure that decisions are made based on objective data rather than bias or prejudice. For example, statistical analysis can reveal disparities in sentencing or the effectiveness of rehabilitation programs.
· Transparency, Accountability and Reproducibility: Statistical methods provide a framework for transparency in research, allowing others to replicate and verify findings. This is essential for the credibility of research and the trustworthiness of decision-making processes based on statistical evidence. By relying on statistical evidence, decision-makers can justify their actions and policies more transparently. This is crucial for maintaining public trust and ensuring that decisions are based on sound, data-driven principles.
Statistical software and Programming for Analysis
Statistical software and programming languages are essential tools for conducting data analysis. They offer a variety of features, including data manipulation, visualization, and statistical modeling.
With the rise of large datasets and complex analyses, the ability to implement statistical methods using software is a crucial pillar.
· Statistical Software: These are tools allow for data manipulation, statistical analysis, and visualization. The Popular Statistical Software are;
· SPSS (Statistical Package for the Social Sciences): A commercial statistical software package widely used in social sciences and business research. It is a user-friendly software widely used as it offers a wide range of statistical procedures, including descriptive statistics, hypothesis testing, correlation analysis, and regression analysis.
· Stata: A statistical software package known for its ease of use and powerful capabilities. It offers a wide range of statistical procedures and is particularly popular in economics and sociology, e.g. econometrics, survival analysis, and time series analysis.
· R: This is an open-source powerful programming language and environment designed for statistical computing and graphics. It offers a flexible, powerful environment and vast ecosystem of packages with libraries for various statistical tasks, making it highly customizable and flexible for data manipulation and visualization.
· Python: A general-purpose programming language that has gained popularity due to its versatility programming language with a large community and extensive libraries like NumPy, pandas, SciPy, and Matplotlib that make it well-suited for data analysis.
· SAS (Statistical Analysis System): A powerful and versatile commercial software package known for its capabilities in data management, advanced analytics, and reporting. It’s used in various fields, including business, research, and government. It provides a comprehensive set of statistical procedures and programming capabilities. 
· MATLAB: A commercial software package used for technical computing, including data analysis and visualization. While primarily a mathematical computing software, MATLAB can also be used for statistical analysis. It offers a high-level programming language and a vast toolbox of functions for numerical computations and data visualization.
· Julia: A relatively new programming language that is gaining popularity for its performance and ease of use. It is designed for high-performance numerical computing and data analysis. It combines the ease of use of Python with the speed of compiled languages like C++.
· Algorithms and Simulation: Monte Carlo simulations and resampling techniques (e.g., bootstrapping) are used for complex probability calculations and inference when analytical solutions are difficult or impossible.


Consideration factors on the choice of the right statistical analysis Software or tool
The understanding of available statistical analysis software options determines the most appropriate statistical software or programming language for your data analysis tasks.
i. Research needs: Consider the specific statistical methods and analyses you need to perform.
ii. Ease of use: If you are new to data analysis, a user-friendly interface might be important.
iii. Budget or Cost: Some software packages like R and Python, is open-source and free, are free, while others require a license fees.
iv. Community and support: A large community and active support forums can be helpful in providing a valuable resources and assistance when you encounter problems.
v. Level of expertise: If you are new to statistics, a user-friendly interface like SPSS or Stata might be a good starting point. If you are comfortable with programming, R or Python offer greater flexibility and customization.
vi. The nature of your data: Some software may be better suited for specific types of data, such as time series data or large datasets.
vii. The specific statistical techniques you need to use: Different software may have varying capabilities for certain statistical procedures.
viii. Flexibility and customization: Consider whether you need a highly customizable environment or a more straightforward solution.
 [image: ] Mastery  exercise 1.1
 Test your understanding!
1. Which measure of central tendency is less sensitive to outliers?
        A. Mean
        B. Median
        C. Mode
        D. All of the above
        Correct answer: B

2. What is the coefficient of variation used for?
        A. Measuring the spread of data relative to the mean
        B. Comparing the variability of different datasets
        C. Assessing the skewness of a distribution
        D. All of the above
        Correct answer: D

3. What is the difference between a one-tailed and a two-tailed test?
        A. The number of samples involved
        B. The type of data being analyzed
        C. The direction of the alternative hypothesis
        D. The level of significance
        Correct answer: C
4. What is the power of a hypothesis test?
        A. The probability of rejecting a false null hypothesis
        B. The probability of rejecting a true null hypothesis
        C. The probability of accepting a true null hypothesis
        D. The probability of accepting a false null hypothesis
        Correct answer: A
5. Hypothesis test is used to:
    A. Describe the data
    B. Make inferences about a population
    C. Calculate the mean and standard deviation
    D. Create visualizations
    Correct answer: B

6. A confidence interval is:
    A. A single value estimate of a population parameter
    B. A range of values that is likely to contain a population parameter
    C. A measure of the spread of data
    D. A statistical test
    Correct answer: B
7. What is the law of large numbers?
A. As the sample size increases, the sample mean approaches the population mean
B. The probability of an event occurring is always between 0 and 1
C. The sum of probabilities of all possible outcomes is 1
D. The probability of an event not occurring is 1 minus the probability of the event occurring
    Correct answer: A

8. What is the difference between discrete and continuous random variables?
A. Discrete variables can take on only a finite number of values, while continuous variables can take on any value within a range.
B. Discrete variables are measured in units, while continuous variables are measured in quantities.
C. Discrete variables are used for categorical data, while continuous variables are used for numerical data.
D. Discrete variables are always normally distributed, while continuous variables can be normally or non-normally distributed.
        Correct answer: A

  9. What is heteroscedasticity in regression analysis?
        A. When the variance of the residuals is constant
        B. When the variance of the residuals is not constant
        C. When the residuals are normally distributed
        D. When the residuals are correlated
        Correct answer: B
10. Time series analysis is used to:
A. Analyze data collected over time
B. Compare means of different groups
C. Predict future values of a categorical variable
D. Measure the correlation between variables
Correct answer: A
11. What is autocorrelation in time series analysis?
        A. The correlation between observations at different points in time
        B. The correlation between different variables
        C. The correlation between the dependent and independent variables
        D. The correlation between the residuals and the independent variables
        Correct answer: A


	
	Discussion Questions


 
a. Discuss the descriptive statistics measures and their applications in research and decision making.
b. Discuss advanced statistical visualization techniques used and their effectiveness in communicating data.
c. Explain how statistical insights can be applied to make data-driven decisions, such as targeting specific customer segments in marketing strategies.


This case study demonstrates how statistical methods can be applied to analyze real-world data and provide valuable insights for decision-making.
Analyzing Customer Satisfaction Data
A large e-commerce company is interested in understanding customer satisfaction levels with their recent product launches. They have collected data on customer ratings, purchase frequency, and their respective demographics.
Required:
· Monitor customer satisfaction levels and identify areas for improvement.
· Tailor marketing efforts to specific demographic segments based on their preferences.
· Focus on enhancing product features that are most important to customers.
· Consider conducting customer surveys to gather more in-depth feedback.
Research Questions:
i. How will the overall customer satisfaction level with the new products be established?
ii. Determine whether there’s differences in customer satisfaction based on demographics (e.g., age, gender, location)?
iii. How does purchase frequency correlate with customer satisfaction?
iv. Do you think there any specific product features or attributes that are driving customer satisfaction or dissatisfaction?
v. Provide the descriptive Statistics of customer ratings by analyzing the distribution of customer ratings using histograms and box plots.
vi. Explore the relationship between purchase frequency, product feature, and customer satisfaction using correlation analysis.
vii. What is the appropriate inferential procedure to compare customer satisfaction levels across different demographic groups.
viii. What are the factor analysis that identify the underlying dimensions of customer satisfaction based on similar characteristics.
Rubrics: Potential Findings
a. The customer satisfaction has significant variations across different demographic groups.
b. Customers purchasing power and frequency tend to have higher satisfaction levels.
c. Specific product features, such as ease of use and quality, have a strong correlation with customer satisfaction.
d. Certain demographic segments, such as younger customers, may have different preferences and expectations.
Check Point! Check your understanding
	
	
[bookmark: _Toc179201667]READING MATERIAL 1


 
 To enhance your knowledge about the introduction to Statistical concepts and methods, kindly read; 
1. Triola, M. F. (2023). Essentials of statistics (8th ed.). Pearson (page 1-7)
2. Agresti, A., & Franklin, B. (2023). Statistics: Concepts and applications (9th ed.). Pearson. (pages 1-17)
 
 
	
	ACTIVITY 3: PRACTICAL SKILLS


	 
	[bookmark: _Toc179201669]Assignment 1: Demonstration of practical use of knowledge acquired


To demonstrate understanding of statistical concepts and methods, form groups to look into for instance, a marketing team interested in determining marketing strategy to increase sales for the business like a launch of a new product launch or market expansion. Collect data on all the business products for the previous strategies to be compared with the performance of new strategy on the launch of new product or market expansion. You are required to utilize the statistical representation and presentation techniques as visual aids, graphics to enhance understanding, bring clarity and effective determination of the business performance for the owners and shareholders. You are required to demonstrate the procedures and techniques to present the situation, allow for peer review and constructive feedback to further reinforce learning outcomes.
 
	[bookmark: _Toc179201670]
	ACTIVITY 4: ONLINE DISCUSSION


	
	[bookmark: _Toc179201671]Use chats, forum, question/answer, message my teacher to engage others.



Discussion forum:
 
Each group will engage in debates and discussions on Statistical concepts and Methods to analyze and propose solutions to real-time research.
 
[bookmark: _Toc179201672]Reference list and Further Reading
 Core Texts:
1. McClave, J. T., & Sincich, T. (2024). Statistics: The Art and Science of Learning from Data (6th ed.). Pearson.
2. Ott, R. L., & Longnecker, J. G. (2023). An introduction to statistical methods and data analysis (8th ed.). Brooks/Cole
3. Gareth, J., Witten, D., Hastie, T., & Tibshirani, R. (2023). An introduction to statistical learning: With applications in R (3rd ed.). Springer.
4. Kuiper, S., & Sklar, J. (2022). Practicing statistics: Guided investigations for the second course. Pearson.
5. Field, A. (2023). Discovering statistics using IBM SPSS Statistics, R and RStudio (6th ed.). SAGE Publications.
Recommended Texts:
1. Agresti, A., & Franklin, C. A. (2023). Statistics: The Art and Science of Learning from Data (5th ed.). Pearson.
2. Urdan, T. C. (2022). Statistics in Plain English (5th ed.). Routledge.
3. Triola, M. F. (2023). Essentials of statistics (8th ed.). Pearson.
4. Agresti, A., & Franklin, B. (2023). Statistics: Concepts and applications (9th ed.). Pearson.
Open Educational Resources (OERs):  (provide link)


[bookmark: _Toc179201673]Take Home Message
Congratulations for successfully going through this module. Keep going! Kindly share your key learning experiences and take-home message?
[bookmark: _heading=h.gatqr86luflm] 
[bookmark: _Toc179201674]  What’s Next?
Keep the eye on the staircase to reach the next level!
(provide the information to the next module)


	[bookmark: _Toc179201675]MODULE 2:  Data Processes and Management


 INSTRUCTIONAL HOURS: 4, 5 or 6
Module Overview
This module provides you with an in-depth exploration and comprehensive understanding of data processes and management techniques essential for conducting rigorous statistical analysis and research using statistical tools for data analysis in complex business environments to drive decision-making and research outcomes.
Expected Learning Outcomes (ELOs)
At the end of this module, you will be able to:
1. Describe the concepts of data management and processes 
2. Apply various data cleaning and preprocessing techniques to ensure the quality, consistency, and reliability of research datasets.
3. Evaluate the effective data collection procedures and best practices for sampling, surveys, and experimental design.
4. Develop data management strategies that address issues of security, privacy, and ethical considerations in the research process.
[bookmark: _Toc179201676]    Learning Activities/Task List
1. Watch Lecture Video[image: Shape

Description automatically generated with low confidence]
2. Review power presentation PDF
3. Watch lecture related videos
4. Complete participation assignment:  Quiz 1
5. Complete personal introduction video
6. Review concept assignment : Quiz 2


[bookmark: _Toc179201677]INSTRUCTIONAL MATERIALS & LEARNING ACTIVITIES 

	(Learners to engage in self-directed learning	READING MATERIAL 1	(Notes, presentation, an article, a book chapter, case study,  video, please add assessment…)


CONCEPTS OF DATA
Data is the foundation of statistical analysis. Understanding its forms, sources, and ethical implications is critical for conducting reliable and ethical research. Important definitions include;
· Data: Raw facts and figures collected from observations, measurements, or experiments.
· Information: Processed and organized data that has been interpreted to provide meaning and context. Information is derived from data through analysis and summarization.
· Variables: Characteristics or properties that can vary from one observation to another. Examples include age, income, and temperature.

Measurement scales: are systems used to categorize and quantify data. They provide the framework for collecting and analyzing data by defining how variables are measured and what types of statistical operations can be applied. Each scale serves a different purpose and determines the type of analysis that can be performed.
[bookmark: _Toc177134433]Types of Measurement Scales
1. Nominal Scale:  Categorizes data into distinct, non-overlapping groups without any inherent order. It is Useful for labeling and identifying categories without indicating any quantitative value. e.g. type of friuts, student numbers etc
2. Ordinal Scale: Categorizes data into ordered categories where the rank or order matters, but the exact differences between categories are not consistent or known. They are useful for expressing relative positions or rankings for example Likert scale responses (strongly agree, agree, neutral, disagree, strongly disagree.
3. Interval Scale: Measures data with ordered categories and equal intervals between values but lacks a true zero point. They Allows for the measurement of differences between values but not the ratio of values e.g. Temperature in Celsius or Fahrenheit.
4. Ratio Scale:  Measures data with ordered categories, equal intervals, and a meaningful zero point, allowing for the comparison of absolute magnitudes they support all arithmetic operations, including comparisons of absolute values and ratios e.g.  Height, weight, and sales revenue.
These measurement scale levels categorized data into two i.e. qualitative (where data cannot assume numerical value but can be classified into two or more non numeric groups) and quantitative (where a variable can be measured numerically).
Concepts of Data Processes and Management
Data processes and management form the cornerstone of advanced statistical methods. They encompass the fundamental activities and aspects that plays a critical role in the successful application of advanced statistical methods. These concepts encompass the entire lifecycle of data, from effective collection, cleaning, transformation, storage, analysis, visualization, and interpretation to extract meaningful insights. This ensures that data is accurate, reliable, and usable for statistical analysis to make informed decisions.
Effective data processes and management are essential for conducting rigorous, reliable statistical analyses and successful application of advanced statistical methods. They ensure the data used is of high quality, well-integrated, and secure, which is critical for making accurate predictions, building robust models, and drawing valid conclusions in research and business contexts.
Key Concepts in Data Management
Understanding these concepts effectively imparts knowledge for research and analysis that can be leveraged with advanced statistical methods to extract valuable insights from data and make informed decisions. 

Data Quality: Ensuring the accuracy, completeness, consistency, and timeliness of data. High-quality data is essential for accurate and reliable statistical analysis.
Data Governance: Implementing policies and procedures to manage data effectively, including data ownership, access, and security. Effective data governance ensures data integrity and security, protecting sensitive information.
Data Integration: Combining data from multiple sources into a unified dataset for analysis. Combining data from multiple sources can provide a more comprehensive understanding of a research problem.
Data Warehousing: Storing large volumes of data in a centralized repository for analysis and reporting. Data warehouses facilitate efficient data storage and retrieval, supporting advanced statistical analysis.
Data Mining: Discovering patterns, trends, and relationships within large datasets. Data mining techniques can uncover hidden patterns and insights that may not be apparent through traditional statistical methods.
Data Ethics: Adhering to ethical principles in data collection, storage, and use, including privacy, security, and fairness. Adhering to ethical principles in data management is crucial for building trust and ensuring the responsible use of data.

Components of Data Processing
Data Collection: This involves identifying relevant data sources, such as Primary data (surveys, experiments, observations) and secondary data (existing databases, public records/ repositories). This is done by appropriately selecting and designing data collection techniques based on research objectives, representativeness, and ethical considerations. The process should ensure that data quality (accuracy, completeness, and consistency) is achieved.
The data collection Methods requires that a proper Sampling techniques (simple random, stratified, cluster), data mining, and web scraping is considered.
Data Cleaning and Preparation: These involves identifying and correcting errors/ outliers, inconsistencies, and missing values. Handling outliers and anomalies is done by detecting and resolving inconsistencies, handling missing values, and outliers. This includes imputation techniques, deletion, outlier detection methods, removal, or transformation. 
Data transformation: This is Standardizing data, normalizing variables, and creating derived variables. It involves converting data into a suitable format for analysis (e.g., log transformations, normalization). Data normalization and standardization involves scaling techniques to ensure comparability.
Data Storage and Management: This is part of data organization. It involves Developing efficient data storage and management systems to ensure data security, privacy and accessibility. This is by Protecting data privacy and confidentiality while ensuring ease of access to data for analysis, reporting and implementation of data governance policies.
Data Exploration: It involves Summarizing and describing data using descriptive statistics. This is identifying patterns, trends, and relationships by creating visualizations (charts, graphs) to understand data distributions. It also entails calculating measures of central tendency (mean, median, mode) and dispersion (standard deviation, variance).
Data Visualization: It involves presentation data in a clear and understandable way by Creating charts, graphs, and other visualizations tools to explore data patterns and relationships in a meaningful way. Clear and effective data visualization helps to present and communicate data findings and results to stakeholders and decision-makers. Visualization supports decision-making by providing visual insights to aid in understanding and interpreting data.
Data Analysis: This involves Statistical modeling where application of appropriate statistical techniques i.e. diagnostic, inferential, prescriptive and predictive analysis (e.g., Principal component, factor analysis, correlation and regression analysis, time series analysis, multivariate analysis) is used to classify, cluster, describe, analyze and predict on data to answer research questions.
Hypothesis testing: This is the evaluation of statistical hypotheses using appropriate tests (e.g., Z-tests t-tests, ANOVA, chi-square tests).
Data Interpretation and Reporting: This is interpreting results and drawing meaningful conclusions based on statistical evidence. This is done by communicating findings in a clear and concise reports, visualizations, and presentations.
Scope of Data Processes and Management
Data processes and management are critical components essential in advanced statistical methods due to its broadness that encompasses a wide range of activities for the successful application. It is essential for researchers, analysts, and data scientists to have a strong understanding of these processes to effectively conduct statistical analysis and draw meaningful conclusions.
The advanced statistical methods often involve:
i. Handling and analyzing large and complex volumes of datasets with high-dimensional or diverse data types, big data, and streaming data (e.g., numerical, categorical, text, images)
ii. Complexity: Dealing with Complex data structures (structured, unstructured, and semi-structured data).
iii. Utilization of advanced statistical techniques: This involves applying sophisticated statistical methods and specialized methods for specific research questions to extract valuable insights (e.g. descriptive, inferential and Bayesian statistics, time series analysis, and survival analysis).
iv. Data-driven decision-making: Using data to inform strategic decisions and improve business outcomes.
v. Adapting to new technologies and trends: staying updated with emerging tools and techniques (e.g., cloud computing, AI)
vi. Interdisciplinary applications: Using data processes and management in various fields, such as business, healthcare, social sciences, and natural sciences.
vii. Incorporating domain knowledge: understanding the context and subject matter to guide data analysis.
viii. Addressing Ethical considerations: ensuring ethical issues related to data privacy, bias, data privacy, security, and fairness.

By effectively following these key components and considering the scope of the field (managing and analyzing data), as a researcher or analysts, you can extract or gain valuable insights from data and make informed decisions.

SOURCES OF DATA IN BUSINESS AND ECONOMICS
In business and economics, data sources can be broadly categorized into primary and secondary sources, with each type offering distinct advantages and use cases. Here’s a detailed overview of various data sources:
1. Primary Data Sources: Primary data is original data collected from the subject and it provides firsthand insights and is tailored to specific questions or objectives. Some of the primary sources include:
Surveys and Questionnaires:  quantitative and qualitative data is collected directly from respondents e.g., Customer satisfaction surveys, employee engagement surveys, market research questionnaires.
Interviews: In-depth, one-on-one conversations with individuals to gather detailed information and insights. e.g., Expert interviews, customer feedback sessions, employee interviews.
Focus Groups: Group discussions guided by a moderator to explore attitudes, perceptions, and opinions such us Product development focus groups, market trend discussions
Experiments: Controlled studies conducted to test hypotheses and measure the effects of specific variables. For examples:   testing for marketing campaigns, product usability tests.
Observations: Systematic recording of behaviors, events, or conditions as they occur naturally e.g Store traffic analysis, consumer behavior observations.
2. Secondary Data Sources: Secondary data is data that has already been collected and processed by other entities. It is often used to complement primary data or provide context and background.
Government Reports and Statistics: Data published by government agencies that provide information on various economic and social indicators such as; Census data, unemployment rates, GDP reports, inflation statistics.
Industry Reports: Reports published by industry analysts or research firms that offer insights into market trends, industry performance, and competitive analysis.
Academic Journals and Research Papers: Scholarly articles and studies published in academic journals that provide theoretical and empirical research findings.
Company Reports: Financial and operational reports published by companies, including annual reports and earnings statements.
Market Research Firms: that specialize in collecting and analyzing market data, often providing tailored reports and insights.
Social Media and Online Platforms:
Internal databases maintained by businesses that store historical and transactional data such as; Customer relationship management (CRM) systems, enterprise resource planning (ERP) systems.

ETHICAL CONSIDERATION WHEN HANDLING BUSINESS DATA
When dealing with business and economic data, several ethical issues can arise. These issues revolve around the collection, storage, analysis, and dissemination of data. Ethical considerations are crucial because they impact trust, compliance, and the reputation of businesses and researchers. Here are some key ethical issues associated with business and economic data:
1. Data Privacy and Confidentiality: Protecting the privacy of individuals and organizations whose data is being collected and analyzed is paramount. Confidential data, such as customer information, employee records, or sensitive business information, must be safeguarded against unauthorized access and breaches.
· Implications: Failure to protect data privacy can lead to identity theft, financial loss, and loss of trust among customers, employees, and stakeholders. It can also result in legal penalties and reputational damage.
2. Informed Consent: Individuals or entities should be fully aware of and consent to how their data will be collected, used, and shared. Informed consent means providing clear and transparent information about the purpose of data collection and obtaining permission from the data subjects.
· Implications: Without informed consent, data collection can be deemed unethical and illegal. Businesses risk lawsuits and loss of customer trust if they collect data without explicit permission.
3. Data Accuracy and Integrity: Ensuring data accuracy and integrity is critical. This means collecting data in a manner that is honest and reflects the reality of the situation. Data manipulation, falsification, or selective reporting of data for favorable outcomes is unethical.
· Implications: Misleading data can lead to poor business decisions, financial loss, and damaged reputations. In economic research, inaccurate data can skew policy decisions and economic forecasts, leading to broader societal impacts.
4. Bias and Discrimination: Data analysis should be free from biases that could lead to discrimination. For example, using biased data in hiring algorithms, credit scoring, or customer segmentation can perpetuate existing inequalities and unfair treatment of certain groups.
· Implications: Bias and discrimination can result in legal consequences, such as lawsuits for discrimination. They can also harm a company’s reputation and erode customer and employee trust.
5. Transparency and Accountability: Organizations must be transparent about their data practices and hold themselves accountable for ethical data handling. This includes being open about the methodologies used for data analysis and the potential biases and limitations of the data.
· Implications: Lack of transparency can lead to mistrust and accusations of manipulation or unethical behavior. It also hinders stakeholders from understanding the basis of business decisions or economic research findings.
6. Purpose Limitation: Data should only be collected for specific, legitimate purposes and used only in ways that are compatible with those purposes. Using data beyond its intended scope without proper justification or consent is unethical.
· Implications: Violating the principle of purpose limitation can result in regulatory penalties and loss of trust. For example, using customer data for targeted advertising without consent might breach privacy laws and damage the company’s reputation.
7. Security Breaches and Data Protection: Ensuring data security is critical to protect against unauthorized access, breaches, and cyber-attacks. Companies must implement robust security measures to protect both digital and physical data.
· Implications: Security breaches can lead to significant financial and reputational damage. Data breaches can expose sensitive information, leading to identity theft and financial fraud. Organizations may also face heavy fines for failing to comply with data protection regulations.
8. Misuse of Data for Competitive Advantage: Using confidential or proprietary data unethically to gain a competitive edge can be considered a form of corporate espionage. This includes acquiring competitors' trade secrets or using data in ways that were not intended or disclosed.
· Implications: Such misuse can lead to lawsuits, regulatory actions, and reputational damage. It can also erode trust among partners, clients, and customers.
9. Impact on Stakeholders: The collection and use of data can have wide-ranging effects on stakeholders, including customers, employees, suppliers, and the community. Ethical considerations must include potential harms to these groups, such as financial loss, reputational harm, or unintended consequences.
· Implications: Failing to consider the broader impact of data practices on stakeholders can lead to backlash, negative publicity, and a loss of business relationships.
10. Data Ownership and Intellectual Property: Clear guidelines should be established regarding who owns the data and the intellectual property rights associated with data-derived insights. Misappropriating data or using it without proper authorization can be an ethical violation.
· Implications: Disputes over data ownership can lead to legal battles and affect business operations. It can also result in financial penalties and loss of trust from partners and collaborators.
Understanding and addressing these ethical issues is vital for businesses and researchers to maintain trust, comply with legal requirements, and make sound, ethical decisions. Fostering a culture of ethical data use can help organizations avoid the pitfalls associated with unethical behavior and build stronger relationships with customers, employees, and other stakeholders.





[bookmark: _Toc179201678]Mastery  exercise
 
 END OF MODULE ASSESSMENT
Test your understanding!
1. Which of the following is NOT a common data cleaning task?
    A. Handling missing values
    B. Identifying and correcting outliers
    C. Transforming data into a suitable format
    D. Developing statistical models
Correct Answer: D
2. What is the purpose of data visualization in advanced statistical methods?
    A. To collect data from various sources
    B. To conduct statistical tests and analyses
    C. To present data in a clear and understandable way
    D. To store and manage data efficiently
Correct Answer: C
3. Which of the following is a common data mining technique used in advanced statistical methods?
    A. Clustering
    B. Hypothesis testing
    C. Descriptive statistics
    D. Correlation analysis
Correct Answer: ALL
4. What is the primary purpose of data exploration?
A. To conduct advanced statistical analyses
B. To identify errors and inconsistencies in the data
C. To summarize and describe data
D. To make predictions about future trends
Correct Answer: C
5. Data governance refers to:
A. The process of collecting data
B. The techniques used to analyze data
C. The policies and procedures for managing data
D. The visualization of data
Correct Answer: C
6. What is the primary goal of data governance?
    A. To ensure data accuracy and completeness
    B. To establish rules and policies for data management
    C. To conduct statistical analyses on data
    D. To visualize data effectively
Correct Answer: B

	Icons to be used (use as appropriate)

 
	Pre-recorded lecture on topic

 
Paste your content here ….
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	VIDEO 3 (Youtube, please include link)



Case Study Details: Customer Churn Analysis for AfricomConnect

Background
AfricomConnect, a pan-African telecommunications company operating in 10 countries across the continent, is facing challenges with customer retention. The management wants to understand the factors contributing to churn and develop a predictive model to identify at-risk customers, considering the diverse markets they serve.
Requirements:
a. Demonstrates the full lifecycle of a data-driven business research project, from data collection, exploration to generation of actionable insights and business implications.
b. Highlight various data preprocessing techniques, including cleaning, integration, and transformation, with crucial considerations in ethical data management that ensures data quality, security, privacy and reliability.
Ethical considerations in data management
Discussion Questions:
1. What are the key factors to consider when designing a data collection plan?
2. How can you ensure the quality and reliability of your data?
3. What are the ethical considerations in data collection?
4. What are common data cleaning challenges?
5. How can you handle missing values and outliers in your dataset?
6. What are the best practices for data transformation and normalization?
7. What are the benefits of exploratory data analysis?
8. How can you use visualization techniques to gain insights into your data?
9. What are the key metrics to consider when exploring numerical and categorical data?
10. How do you choose the appropriate statistical methods for your research question?
11. What are the challenges of analyzing large and complex datasets?
12. How can you avoid overfitting and underfitting in your models?
13. What are the principles of effective data visualization?
14. How can you choose the right type of chart or graph for your data?
15. What are the best practices for creating visually appealing and informative visualizations?
16. What are the key considerations for data storage and security?
17. How can you ensure data privacy and compliance with regulations?
18. What are the benefits of using data management tools and platforms?
	READING MATERIAL 1

 
 To enhance your knowledge about data processes and management, kindly read the following referred chapters. Please make short notes as you read through.
 

 
 
	(An article, a book chapter…)

 
 
[bookmark: _Toc179201683]ACTIVITY 3: PRACTICAL SKILLS
 
	VIDEO 1: Demonstration of practical use of knowledge acquired

.
Collaborate in discussion groups and prepare a presentation illustrating practical applications of data processing and Management reflected in a real-world business scenario. Demonstrate the full lifecycle of data processing by designing effective data collection instruments and procedures used in implementing data policies in research. 
 
ACTIVITY 4: ONLINE DISCUSSION
Watch this video before handling the question that follows
https://youtu.be/LQeSExnlDtw
Background: Alpha Investments, a well-known investment firm, manages a large portfolio of assets, including stocks, bonds, and derivatives. The firm uses sophisticated data analytics and machine learning algorithms to predict market trends and make investment decisions. Alpha Investments prides itself on being a leader in quantitative analysis and employs various data sources, including financial reports, market data, and social media sentiment analysis.
Scenario: In an effort to outperform competitors and provide higher returns to clients, Alpha Investments decided to leverage alternative data sources, such as geolocation data from smartphones, web-scraping data from e-commerce websites, and social media posts. The firm's data scientists developed an algorithm to analyze this data and predict consumer behavior, which was then used to make investment decisions. However, several ethical issues arose from this strategy.
Tasks 


Discussion forum:
 
In your groups, discuss data management processes used to;
· Identify Ethical Issues in this scenario
· What are some of the remedies to the issues identified. 
 
[bookmark: _Toc179201687]Reference list and Further Reading
1. Hair, J. F., Black, W. C., Babin, B. J., & Anderson, R. E. (2023). Multivariate Data Analysis (8th ed.). Cengage Learning.
2. Lattin, J. M., Carroll, J. D., & Green, P. E. (2022). Analyzing Multivariate Data (2nd ed.). Cengage Learning.
3. Shmueli, G., Bruce, P. C., Yahav, I., Patel, N. R., & Lichtendahl, K. C. (2022). Data Mining for Business Analytics: Concepts, Techniques, and Applications in R (4th ed.). Wiley.
4. Gujarati, D. N., & Porter, D. C. (2024). Basic Econometrics (6th ed.). McGraw-Hill Education.
Recommended Texts:
1. Davenport, T. H., & Patil, R. (2020). Data-driven organizations: How to use data to transform your business. Harvard Business Review Press.
2. Kim, W. C. (2021). Data management: Concepts, methodologies, tools, and applications. CRC Press
3. Redman, C. W. (2012). Data quality and the information economy: A practical guide to data quality management. Cambridge University Press.
Open Educational Resources (OERs):
1. Coursera: Offers courses on data science, data analysis, and data management, often with specialized tracks for business and management.
2. OpenStax: Provides textbooks and other resources on statistics and data analysis, including concepts that are essential for advanced research.
3. Open Data Institute: Offers resources and guidance on data ethics and privacy.
4. Internet & Jurisdiction Project: Provides research and analysis on data privacy and surveillance.

[bookmark: _Toc179201688]Take Home Message
Congratulations for successfully going through this module. Keep going! Kindly share your key learning experiences and take-home message?
[bookmark: _heading=h.r6isbzae11d] 
[bookmark: _Toc179201689]  What’s Next?
Keep the eye on the staircase to reach the next level!




	[bookmark: _Toc179201690]MODULE 3:  Descriptive Statistics and Data Visualization


 INSTRUCTIONAL HOURS: 4, 5 or 6
[bookmark: _Toc179201691] Module Overview
In the module, you will learn how to effectively summarize and present data using measures of central tendency and dispersion, and how to select the best measures for summarizing research data.
.
[bookmark: _heading=h.ugl8k3haqyea]Learning Outcomes
At the end of this module, you will be able to:
1. Describe measures of central tendency, variability, and stability.
2. Employing data visualization techniques to organize and represent data effectively.
3. Using statistical software for data manipulation, visualization, analysis, and interpretation.
4. Assess the suitability of different descriptive statistics for various research scenarios.
[bookmark: _Toc179201692]    Learning Activities/Task List
1. Watch Lecture Video[image: Shape

Description automatically generated with low confidence]
2. Review power presentation PDF
3. Watch lecture related videos
4. Complete participation assignment:  Quiz 1
5. Complete personal introduction video
6. Review concept assignment : Quiz 2





[bookmark: _Toc179201693]INSTRUCTIONAL MATERIALS & LEARNING ACTIVITIES 

	(Learners to engage in self-directed learning	READING MATERIAL 1	(Notes, presentation, an article, a book chapter, case study,  video, please add assessment…)



1.Descriptive statistics
A summary of a dataset that provide a way to understand the key characteristics of a dataset without making inferences about a larger population. They are essential tools for data analysis, offering insights into the central tendency, dispersion, and distribution of data.
Descriptive statistics help you summarize and understand data distributions. With knowledge of mean, median, range, and standard deviation, you’re well-equipped to interpret data and prepare for effective data visualization.
1.1 MeasuresofCentralTendency
Central Tendency refers to statistical measures that identify a single value representing the center or typical value of a dataset. The most common measures of central tendency are the mean, median, and mode. These measures provide a summary of the data by identifying the most representative value, allowing businesses and analysts to understand the” average” behavior or characteristics within a dataset
1.1. Mean (Average):
The mean (arithmetic average), is a measure of central tendency that represents the average value of a data set. It summarizes data to inform decisions and policy. The mean is calculated by summing all the values in a data set and then dividing by the number of values. It provides a central value around which the data points are distributed.
OBJECTIVES OF AVERAGING
There are two main objectives of study of averages:
(i)	To get one single value that describes the characteristics of the entire data. Measures of central value, by condensing the mass of data in one single value, enables us to get an idea of the entire data.
(ii)	To facilitate comparison. Measures of central value, by reducing the mass of data in one single value, enables comparisons to be made. Comparison can be made either at a point of time or over a period of time.


CHARACTERISTICS OF A GOOD AVERAGE
Since an average is a single value representing a group of values, it is desirable that such a value satisfies the following properties:
(i)	It should be easy to understand.
· Since statistical methods are designed to simplify complexity, it is desirable that an average be such that can be readily understood, its use is bound to be very limited.
(ii)	It should be simple to compute.
· It should be simple to compute so that it can be used widely; however, it should not be sought at the expense of other advantages.
(iii)	It should be based on all observations.
· The average should depend upon each and every observation so that if any of the observation is dropped average itself is altered.
(iv)	It should be rigidly defined.
· An average should be properly defined so that it has one and only one interpretation.
(v)	It should be capable of further algebraic treatment.
· We should prefer to have an average that could be used for further statistical computations.
(vi)	It should have sampling stability.
· We should prefer to get a value which has what statisticians call “sampling stability”.
(vii)	It should not be affected by the presence of extreme values.
· Although each and every observation should influence the value of the average, none of the observation should influence it unduly.
Determination of Mean
(i)	Calculation of Arithmetic Mean – Ungrouped data
Thus ifrepresent the values of N items or observations, the arithmetic mean denoted byis defined as:



Example 1
The monthly income (in $) of 10 employees working in a firm is as follows:
4487, 4493, 4502, 4446, 4475, 4492, 4572, 4516, 4468, 4489
Find the average monthly income.
Solution
Let income be denoted by X.

Hence the average monthly income is $4494.
(ii)	Calculation of Arithmetic Mean – Grouped data
Thus, if the valuesoccur with frequencies times respectively, then, the arithmetic mean denoted byis defined as:

Where;
X = mid-point of the various classes, f = the frequency of each class, and N = the total frequency.
Example 2
The following are the figures of profits earned by 1,400 companies during 2020 – 20123.
	Profits ($)
	No. of Companies
	Profits ($)
	No. of Companies

	200 – 400 
	500
	1000 – 1200
	100

	400 – 600
	300
	1200 – 1400
	80

	600 – 800
	280
	1400 – 1600
	20

	800 – 1000
	120
	
	


Calculate the average profits for all the companies.
Solution
	Profits ($)
	Mid-points (X)
	No. of Companies, (f)
	fX

	200 – 400 
	300
	500
	150,000

	400 – 600
	500
	300
	150,000

	600 – 800
	700
	280
	196,000

	800 – 1000
	900
	120
	108,000

	1000 – 1200
	1100
	100
	110,000

	1200 – 1400
	1300
	80
	104,000

	1400 – 1600
	1500
	20
	30,000

	Total
	
	N = 1400
	



Correcting Incorrect values
It sometimes happens that due to an oversight or mistake in copying, certain wrong values are taken while calculating the mean. The problem is how to find out the correct mean. The process is very simple. From deduct wrong observations and add correct observations and then divide the correct by the number of observations and the result so obtained will give the value of the correct mean.
Example 3
(a)	The average weekly wage for a group of 25 persons working in a factory was calculated to be $ 378.40. It was later discovered that one figure was misread as 160 instead of the correct value $200. Calculate the correct average wage.
Solution

Correct 
Hence Correct mean =
(b)	The mean of 200 observations was 50. Later on, it was discovered that two observations were wrongly read as 92 and 8 instead of 192 and 88. Find out the correct mean.
Solution

Correct 
Hence Correct mean =
Combined Mean
If we have the arithmetic mean and number of observations of two or more than two related groups, we can compute combined average of these groups by applying the following formula:
where;
Combined mean of the two groups
Arithmetic mean of the first group
Arithmetic mean of the second group
Number of observations in the first group
Number of observations in the second group
Example 4
(a)	There are two branches of a company employing 100 and 80 employees respectively. If the arithmetic means of the monthly salaries paid by two branches are $4570 and $6750 respectively, find the arithmetic mean of the salaries of the employees of the company as a whole.
Solution
Combined mean of the income = 

If we have to find out the combined mean of three related groups, the above formula can be extended as follows:

(b)	The mean of marks in Statistics of 100 students of a class was 72. The mean of marks of boys was 75, while their number was 70. Find out the mean marks of girls in the class.
Solution
We are given , , mean of boys, , Number of boys,. We have to find out the mean marks of girls, i.e., .

Hence the mean marks of girls in the class = 65.
(c)	The mean age of a combined group of men and women is 30 years. If the mean age of the group of men is 32 and that of the group of women is 25, find out the percentage of men and women in the group.
Solution
Letrepresent the percentage of men andrepresent the percentage of women so that. We are given 

Weighted Arithmetic Mean
The arithmetic mean discussed above gives equal importance to all observations. But there are cases where the relative importance of the different observations is not the same. When this is so, we compute weighted arithmetic mean. The term “weight” stands for the relative importance of the different observations. The formula for computing weighted arithmetic mean is:
where represents the weighted arithmetic mean, X = The variable, and W = weights attached to the variable X.
Example 5
A student final marks in Mathematics, Physics, English and Accounting are respectively 82, 86, 90, and 70. If the respective credits received for these courses are 3, 5, 3, and 1; determine the approximate average mark.
Solution

Merits and Demerits of the arithmetic mean as an average
Merits: satisfy (i), (ii), (iii), (iv), (v), and (vi)
Demerits: Does not satisfy (vii), i.e., it is affected by extreme observations.
1.1.2 MEDIAN
The median is a measure of central tendency which appears in the “middle” of an ordered sequence of values. That is, half of the observations in a set of data are lower than it and half of the observations are greater than it. When the items in a series are arranged in ascending or descending order of magnitude, the measure of the central item is called the median. It may be mentioned that it is not the central item but it is the measure of this item which is defined as median. Median is best used for qualitative data such as beauty, health, intelligence, etc.
(i)	Calculation of Median – Ungrouped data
When the total frequency is odd and equal to say N, the value of item is termed as the median.
When the total frequency is even, say 2N, then the Nth and (N + 1)th  are the two central items. The arithmetic average of these two items gives the median.
Example 6
The table below shows the number of goals scored by a team in 15 matches. Find the median.
	Score
	0
	1
	2
	3
	4
	5
	6

	Frequency
	1
	0
	3
	2
	5
	3
	1


Solution
The frequency distribution with cumulative frequency is constructed as follows:
	Score
	0
	1
	2
	3
	4
	5
	6

	Frequency
	1
	0
	3
	2
	5
	3
	1

	Cumulative Frequency
	1
	1
	4
	6
	11
	14
	15


The number of observations is odd, i.e., N = 15.
Then Median = = 8th observation.
This occurs in the cumulative frequency of 11. Thus, the median is 4.
Example 7
The table below shows the marks scored by group of students. Find the median.
	Marks
	4
	5
	6
	7
	8
	9
	10

	Frequency
	2
	3
	10
	12
	8
	3
	2


Solution
The frequency distribution with cumulative frequency is constructed as follows:
	Marks
	4
	5
	6
	7
	8
	9
	10

	Frequency
	2
	3
	10
	12
	8
	3
	2

	Cumulative Frequency
	2
	5
	15
	27
	35
	38
	40


The number of observations is even, i.e., N = 40.
Then Median = 
(ii)	Calculation of Median – Grouped data
Determine the particular class in which the value of the median lies. Use to locate the median class because in the use of grouped data it is which divides the area of the curve into two equal parts. Apply the following formula for determining the exact value of the median:
where;
L = Lower limit of the median class, i.e., the class in which the middle observation in the distribution lie.
p.c.f. = Preceding cumulative frequency to the median class.
f = Frequency of the median class
i = The class-interval of the median class.

Example 8
The following data pertains to 1,500 workers working in an industrial establishment. Their age is classified as follows:
	Age (yrs)
	No. of workers
	Age (yrs)
	No. of workers

	18 – 22 
	120
	38 – 42
	184

	22 – 26
	125
	42 – 46
	162

	26 – 30
	280
	46 – 50
	86

	30 – 34
	260
	50 – 54
	75

	34 – 38
	155
	54 – 58
	53


Calculate the median age.
Solution

	Age (yrs)
	No. of workers
	Cumulative frequency

	18 – 22 
	120
	120

	22 – 26
	125
	245

	26 – 30
	280
	525

	30 – 34
	260
	785

	34 – 38
	155
	940

	38 – 42
	184
	1124

	42 – 46
	162
	1286

	46 – 50
	86
	1372

	50 – 54
	75
	1447

	54 – 58
	53
	1500


Median = size of observation =observation.
Hence median lies in the class 30 – 34.

Hence the median age of the workers is 33.46 years.


Example 9
Calculate the median from the following data pertaining to the profits (in $) of 125 companies:
	Profits ($)
	No. of companies
	Profits ($)
	No. of companies

	Less than 10
	4
	Less than 50
	96

	Less than 20
	16
	Less than 60
	112

	Less than 30
	40
	Less than 70
	120

	Less than 40
	76
	Less than 80
	125


Solution
	Profits ($)
	No. of companies (f)
	Cumulative frequency

	0 – 10 
	4
	4

	10 – 20 
	12
	16

	20 – 30 
	24
	40

	30 – 40 
	36
	76

	40 – 50 
	20
	96

	50 – 60 
	16
	112

	60 – 70 
	8
	120

	70 – 80 
	5
	125


Median = size of observation =observation.
Hence median lies in the class 30 – 40.
L = 30, p.c.f. = 40, f = 36, i = 10.

Merits and Demerits of the median as an average
Merits: satisfy (i), (ii), (iv), and (vii)
Demerits: Does not satisfy (iii) and (vi), i.e., it is not based on all observations and it is affected by sampling fluctuations.
Uses
Can be used for determining the average in problems concerning the wages, distribution of wealth, etc.
Can be used in qualitative data which can be arranged in order of magnitude or importance.


1.1.3 Partition Measures
a) LOWER QUARTILE (Q1)
Divides the distribution into four;
(i) Calculation of Lower Quartile – Grouped data
Determine the particular class in which the value of the lower quartile lies. Use to locate the lower quartile class because in the use of grouped data it is which divides the area of the curve into four equal parts. Apply the following formula for determining the exact value of the lower quartile:
where;
L = Lower limit of the lower quartile class.
p.c.f. = Preceding cumulative frequency to the lower quartile class.
f = Frequency of the lower quartile class
i = The class-interval of the lower quartile class.
b) UPPER QUARTILE (Q3)
Divides the distribution into three out of four parts.
(i) Calculation of Upper Quartile – Grouped data
Determine the particular class in which the value of the upper quartile lies. Use to locate the upper quartile class because in the use of grouped data it is which divides the area of the curve into three out of four equal parts. Apply the following formula for determining the exact value of the upper quartile:
where
L = Lower limit of the upper quartile class.
p.c.f. = Preceding cumulative frequency to the upper quartile class.
f = Frequency of the upper quartile class
i = The class-interval of the upper quartile class.
Example 10
The profits earned by 100 companies during 2010 – 2011 periods are given below:
	Profits ($)
	No. of companies
	Profits ($)
	No. of companies

	20 – 30 
	4
	60 – 70 
	15

	30 – 40 
	8
	70 – 80 
	10

	40 – 50 
	18
	80 – 90 
	8

	50 – 60 
	30
	90 – 100 
	7


Calculate Q1 and Q3.
Solution
	Profits ($)
	No. of companies (f)
	Cumulative frequency

	20 – 30 
	4
	4

	30 – 40 
	8
	12

	40 – 50 
	18
	30

	50 – 60 
	30
	60

	60 – 70 
	15
	75

	70 – 80 
	10
	85

	80 – 90 
	8
	93

	90 – 100 
	7
	100


Lower Quartile, Q1 = size of observation =observation.
Hence Q1 lies in the class 40 – 50.
L = 40, p.c.f. = 12, f = 18, i = 10.

Hence 25% of the companies earn an annual profit of $47.22 or less.
Upper Quartile, Q3 = size of observation =observation.
Hence Q3 lies in the class 60 – 70.
L = 60, p.c.f. = 60, f = 15, i = 10.

Hence 75% of the companies earn an annual profit of $70 or less.
These values, i.e., Q1 , median and Q3 can also be obtained from the Ogive curve.
In general; the pth percentile, Xp is the value of x in the ogive corresponding to
Note: 
The median is the 50th percentile value.
The lower quartile is the 25th percentile value.
The upper quartile is the 75th percentile value.
The formula for evaluating  Xp is given by:

(e)	MODE (Mo)
Mode is defined as that value which occurs the maximum number of times, i.e., having the maximum frequency. Graphically, it is the value on the X – axis below the peak, or highest point, of the frequency curve. It is possible that a distribution may be bimodal. 
Computation of the Mode – Ungrouped Data
For determining the mode, count the number of observations the various values repeat themselves, and the value which occurs the maximum number of times is the modal value.
Example 11
The following figures relate to the preferences with regard to size of screen (in inches) of T.V. sets of 30 persons selected at random from a locality. Find the modal size of the T.V. screen.
	12
	20
	12
	24
	29

	20
	12
	20
	29
	24

	24
	20
	12
	20
	24

	29
	24
	24
	20
	24

	24
	20
	24
	24
	12

	24
	20
	29
	24
	24


Solution
	Size in inches
	Frequency

	12
	5

	20
	8

	24
	13

	29
	4


Since size 24 occurs the maximum number of times, therefore, the modal size of T.V. screen is 24 inches.
Calculation of Mode – Grouped Data
In the case of grouped data, the following formula is used for calculating mode:
where;
L = Lower limit of the modal class.
= The difference between the frequency of the modal class and the frequency of the post-modal class, i.e., preceding class.
= The difference between the frequency of the modal class and the frequency of the pre-modal class, i.e., succeeding class.
i = The class-interval of the modal class.
Another form of this formula is:
where;
L = Lower limit of the modal class.
= Frequency of the modal class.
= Frequency of the class preceding the modal class.
= Frequency of the class succeeding the modal class.
A distribution having only one mode is called unimodal. If it contains more than one mode, it is called bimodal or multimodal. In the latter case, the value of the mode cannot be determined by the above formula and hence mode is ill-defined when there is more than one value of mode. Where mode is ill-defined, its value may be ascertained by the following approximate formula based upon the relationship between mean, median and mode.
Example 12
The following data relate to the sales of 100 companies:
	Sales (in $)
	No. of companies
	Sales (in $)
	No. of companies

	Below 60
	12
	66 – 68
	10

	60 – 62 
	18
	68 – 70
	3

	62 – 64
	25
	70 – 72
	2

	64 – 66
	30
	
	


Calculate the value of modal sales.
Solution
Since the maximum frequency 30 is in the class 64 – 66, therefore, 64 – 66 is the modal class.
where
L = 64, ,, i = 2.

Hence modal sales are $ 64.4.
Merits and Demerits of the mode as an average
Merits: satisfy (i), (ii), and (vii)
Demerits: Does not satisfy (iii), (iv), (v) and (vi).
Uses:
Can be used to find the ideal size, e.g., in business forecasting, manufacture of ready-made garments, shoes, etc.
MEASURES OF VARIATION
The measures of central tendency discussed earlier gives us one single value that represents the entire data. But the average alone cannot adequately describe a set of observations, unless all observations are alike. It is necessary to describe the variability or dispersion of observations.
A measure of variation is a statistic that summarizes how much the values in a dataset are spread out. It answers the question: how dispersed are the data points? While measures of central tendency describe a typical or average value, measures of variability indicate how far the data points generally lie from this central value. Variability is considered within the context of a distribution of values. Low variability suggests that the data points are closely clustered around the central value, while high variability indicates that they are more widely spread out.
In statistical terms, it describes the range of a distribution. There are several methods of measuring variability that includes the range, interquartile range or quartile Deviation, Average Deviation,Variance and the standard Deviation,. Just as there are various ways to measure central tendency, there are several methods to measure variability. This section will explain the common measures of variability, including the range, interquartile range,
Measures of variation help us in studying the important characteristics of a distribution, i.e., the extent to which the observations vary from one another from some average value.
Significance of measuring Variation
Measures of variation are needed for four basic purposes:
	(i)	To determine the reliability of an average
· Measures of variation point out as to how far an average is representative of the entire data. When variation is small, the average is a typical value in the sense that it closely represents the individual value and it is reliable in the sense that it is a good estimate of the average in the corresponding universe. On the other hand, when variation is large, the average is not so typical, and unless the sample is very large, the average may be quite unreliable.
(ii)	To serve as a basis for the control of variability.
· Another purpose of measuring variation is to determine nature and cause of variation in order to control the variation itself.
(iii)	To compare two or more series with regard to their variability.
· It may also be looked upon as a means of determining uniformity or consistency. A high degree of variation would mean little uniformity or consistency whereas a low degree of variation would mean greater uniformity or consistency.
(iv)	To facilitate the use of other statistical measures.
· Many powerful analytical tools in statistics such as correlation analysis, the testing of hypothesis, the analysis of fluctuations, e.t.c., are based on measures of variation of one kind or another.
Properties of a Good Measure of Variation
A good measure of variation should possess, as far as possible, the following properties:
(i)	It should be easy to understand.
(ii)	It should be simple to compute.
(iii)	It should be based on all observations.
(iv)	It should be rigidly defined.
(v)	It should be capable of further algebraic treatment.
(vi)	It should have sampling stability.
(vii)	It should not be affected by the presence of extreme values.

THE INTERQUARTILE RANGE OR QUARTILE DEVIATION
The interquartile range is the range which includes the middle 50% of the observations. That is, one quartile of the observations at the lower end and another quartile of the observations at the upper end of the distribution are excluded in computing the inter-quartile range. In other words, inter-quartile range represents the difference between the upper quartile and the lower quartile. Symbolically,
Inter-quartile range = . 
Very often the inter-quartile range is reduced to the form of semi-interquartile range or quartile deviation by diving it by 2. Symbolically;
Quartile Deviation (Q.D) = 
Quartile deviation is an absolute measure of variation. The relative measure corresponding to this measure, called the coefficient of quartile deviation, is calculated as follows:
Coefficient of Q.D. = .
Coefficient of quartile deviation can be used to compare the degree of variation in different distributions.
Example 3
You are given the frequency distribution of 292 workers of a factory according to their average weekly income. Calculate the quartile deviation and its coefficient from the following data:
	Weekly Income ($)
	No. of workers
	Weekly Income ($)
	No. of workers

	Below 1350
	8
	1450 – 1470
	22

	1350 – 1370 
	16
	1470 – 1490
	15

	1370 – 1390
	39
	1490 – 1510
	15

	1390 – 1410
	58
	1510 – 1530
	9

	1410 – 1430
	60
	1530 & above
	10

	1430 – 1450
	40
	
	


Solution
	Weekly Income ($)
	No. of workers
	Cumulative frequency

	Below 1350
	8
	8

	1350 – 1370 
	16
	24

	1370 – 1390
	39
	63

	1390 – 1410
	58
	121

	1410 – 1430
	60
	181

	1430 – 1450
	40
	221

	1450 – 1470
	22
	243

	1470 – 1490
	15
	258

	1490 – 1510
	15
	273

	1510 – 1530
	9
	282

	1530 & above
	10
	292

	
	N = 292
	



Lower Quartile, Q1 = size of observation =observation.
Hence Q1 lies in the class 1390 – 1410.
L = 1390, p.c.f. = 63, f = 58, i = 20.

Upper Quartile, Q3 = size of observation =observation.
Hence Q3 lies in the class 1430 – 1450.
L = 1430, p.c.f. = 181, f = 40, i = 20.

Quartile Deviation (Q.D) = 
Coefficient of quartile deviation = 

THE AVERAGE DEVIATION (A.D.)
Average deviation is obtained by calculating the absolute deviations of each observation from the median (or mean), and then averaging these deviations by taking their arithmetic mean. The formula for average deviation may be written as:

In case deviations are taken from mean the formula shall be written as:

The reason for taking absolute deviations, that is, deviations in which signs are ignored, is that it is the amount of the differences of observations from median rather than the direction of the difference which is of main interest.
The relative measure corresponding to the average deviation, called the coefficient of average deviation, is obtained, by dividing average deviation by the particular average used in computing average deviation.
If median has been used while calculating average deviation, then
Coefficient of 
If mean has been used while calculating average deviation, then
Coefficient of
 In case of grouped data, the formula for calculating average deviation is:
If median has been used while calculating average deviation, then

If mean has been used while calculating average deviation, then

Example 4
Calculate the average deviation from the median and the coefficient of average deviation of the two income groups of five and seven workers working in two different branches of a firm.
	Branch I
Income ($)
	Branch II
Income ($)

	4000
	3000

	4200
	4000

	4400
	4200

	4600
	4400

	4800
	4600

	
	4800

	
	5800


Solution
	Branch I
Income ($)
	
	Branch II
Income ($)
	

	4000
	400
	3000
	1400

	4200
	200
	4000
	400

	4400
	0
	4200
	200

	4600
	200
	4400
	0

	4800
	400
	4600
	200

	
	
	4800
	400

	
	
	5800
	1400

	
	
	
	


Branch I

Coefficient of 
Branch II

Coefficient of 
Example 5
Calculate the average deviation from mean from the following data:
	Sales (in thousand $)
	No. of days
	Sales (in thousand $)
	No. of days

	10 – 20
	3
	40 – 50
	3

	20 – 30
	6
	50 – 60
	2

	30 – 40
	11
	
	


Solution
	Sales 
(in thousand $)
	No. of days
f
	Midpoint
X
	
fx
	
	

	10 – 20
	3
	15
	45
	18
	54

	20 – 30
	6
	25
	150
	8
	48

	30 – 40
	11
	35
	385
	2
	22

	40 – 50
	3
	45
	135
	12
	36

	50 – 60
	2
	55
	110
	22
	44

	
	
	
	
	
	





THE STANDARD DEVIATION
The standard deviation is by far the most important and widely used measure of studying variation. Its significance lies in the fact that it is free from those defects from which earlier methods suffer and satisfies most of the properties of a good measure of variation. It is a measure of how much “spread” or “variability” is present in the sample. If all the numbers in the sample are very close to each other, the standard deviation is close to zero. If the numbers are well dispersed, the standard deviation will tend to be large. Standard deviation is known as the root mean square deviation for the reason that it is the square root of the means of square deviations from the arithmetic mean. Standard deviation is denoted by the small Greek letter σ (read as sigma) and is defined as:

If we square standard deviation, we get what is called Variance.
Hence variance = 
The standard deviation measures the absolute variation of a distribution; the greater the amount of variation, the greater the standard deviation. A small standard deviation means a high degree of uniformity of the observations as well as homogeneity of a series, a large standard deviation means a low degree of uniformity of the observations as well as homogeneity of a series. Thus if we have two or more comparable series with identical means, it is the distribution with the smallest standard deviation that has the most representative mean.
Calculation of standard deviation
 For ungrouped data:
Standard deviation, , which after simplification becomes:
.
For grouped data:
Standard deviation, , which after simplification becomes:
.
Example 6
An analysis of production rejects resulted in the following figures:
	No. of rejects per operator
	No. of operators
	No. of rejects per operator
	No. of operators

	21 – 25
	5
	41 – 45
	15

	26 – 30
	15
	46 – 50
	12

	31 – 35
	28
	51 – 55
	3

	36 – 40
	42
	
	


Calculate the mean and standard deviation.
Solution
Converting the discrete data into the continuous data, we get the following table:
	No. of rejects
per operator
	Midpoint
X
	No. of operators
f
	
fx
	
	

	20.5 – 25.5
	23
	5
	115
	194.8816
	974.408

	25.5 – 30.5
	28
	15
	420
	80.2816
	1204.224

	30.5 – 35.5
	33
	28
	924
	15.6816
	439.0848

	35.5 – 40.5
	38
	42
	1596
	1.0816
	45.4272

	40.5 – 45.5
	43
	15
	645
	36.4816
	547.224

	45.5 – 50.5
	48
	12
	576
	121.8816
	1462.5792

	50.5 – 55.5
	53
	3
	159
	257.2816
	771.8448

	
	
	
	
	
	




Standard deviation, 
Combined Standard Deviation
 Just as it is possible to compute combined mean of two or more than two groups, similarly we can also compute combined standard deviation of two or more groups.
Combined standard deviation of two groups is denoted byand it is computed as follows:
 , where;
 = Combined standard deviation, = Standard deviation of the first group,= Standard deviation of the second group,  and .
The above formula can be extended to find out the standard deviation of three or more groups. For example, combined standard deviation of three groups is denoted byand it is computed as follows:
 , where;
, and 
Example 7
The number of workers employed, the mean wage (in $) per week and the standard deviation (in $) in each branch of a company are given below. Calculate mean wages and standard deviation of all the workers taken together for company.
	Branch
	No. of workers
employed
	Weekly mean
wage (in $)
	Standard deviation
(in $)

	A
	50
	1413
	60

	B
	60
	1420
	70

	C
	90
	1415
	80


Solution
Combined mean of the weekly wages =

 Combined standard deviation of three branches is computed as follows:

, and 

Coefficient of Variation (CV)
The standard deviation is an absolute measure of variation. The corresponding relative measure is known as the coefficient of variation. This measure developed by Karl Pearson is the most commonly used measure of relative variation. It is used in such problems where we want to compare the variability of two or more than two series. That series (or group) for which the coefficient of variation is greater is said to be more variable or conversely less consistent, less uniform, less stable or less homogeneous. On the other hand, the series (or group) for which the coefficient of variation is less is said to be less variable or conversely more consistent, more uniform, more stable or more homogeneous. Coefficient of Variation denoted by C.V. is obtained as follows:

Coefficient of Variation is more useful when the two distributions are entirely different and the units of measurement are also different.
Example 8
In the two factories A and B engaged in the same industry, the number of workers employed, the monthly mean wage (in $) and the standard deviation (in $) are as follows:

	
Factory
	No. of workers
employed
	Monthly mean
wage (in $)
	Standard deviation
(in $)

	A
	100
	4600
	500

	B
	80
	4900
	400


(i)	Which factory pays larger amount as monthly wages?
(ii)	Which factory shows greater variability in the distribution of wages?
(iii)	What is the mean and standard deviation of all the workers in two factories taken together?
Solution
(i)	For finding out which firm pays out larger amount, we have to find out ;
		
		For factory A: 
		For factory B: 
		Hence factory A pays larger amount as monthly wages.
(ii)	For finding out which factory shows greater variability in the distribution of wages, we have to calculate coefficient of variation.
	For factory A: 
	For factory B: 
Since the coefficient of variation is greater in case of factory A, hence it shows greater variability in the distribution of wages. 
(iii)	Combined mean of the monthly wages = 
(iv)	Combined standard deviation of the monthly wages = 
	Where;
,
Hence;

		Hence the combined standard deviation of the monthly wages = $ 484.15.

MEASURES OF STABILITY
 Skewness
The term “skewness” refers to lack of symmetry or departure from symmetry, e.g., when a distribution is not symmetrical (or asymmetrical) it is called a skewed distribution.
In a symmetrical distribution, the values of the mean, median and mode are alike. In a skewed distribution these values differ. If the value of the mean is greater than the mode, skewness is said to be positive. On the other hand, if the value of the mode is greater than the mean, skewness is said to be negative.
Measures of Skewness
The following are the methods of measuring relative skewness:
1. Karl Pearson’s coefficient of skewness. This method is frequently used for measuring skewness. The formula for measuring coefficient of skewness is as follows:

Pearsonian (or Karl Pearson’s)coefficient of skewness.
The direction of skewness is determined by observing the sign of this value.
The value of this coefficient would be zero in a symmetrical distribution. In practice, the value of this coefficient lies between  for moderately skewed distributions.
2.	Bowley’s coefficient of skewness. This method is based on quartiles. The formula for calculating coefficient of skewness is:
	
The value of this coefficient would be zero in a symmetrical distribution. If the value is greater than zero, it is positively skewed and if the value is less than zero, it is negatively skewed distribution. In practice, the value of this coefficient lies between  for moderately skewed distributions.
3.	Kelly’s coefficient of skewness. Another measure of skewness devised by Kelly is based on percentiles.The formula for calculating coefficient of skewness is:
	
It should be noted that the three different formulae of calculating skewness are based on different assumptions and hence the answer obtained from the same question by different method may differ.
Example 1
The following data relate to the profits of 1,000 companies:
	Profits
	No. of companies
	Profits
	No. of companies

	100 – 120 
	17
	180 – 200
	327

	120 – 140
	53
	200 – 220
	208

	140 – 160
	199
	220 – 240
	2

	160 – 180
	194
	
	


Calculate the karl Pearson’s coefficient of skewness and comment on its value.
Solution
	Profits
	Midpoint
X
	
f
	
fX
	
	

	100 – 120 
	110
	17
	1870
	4604.9796
	78284.6532

	120 – 140
	130
	53
	6890
	2290.5796
	121400.7188

	140 – 160
	150
	199
	29850
	776.1796
	154459.7404

	160 – 180
	170
	194
	32980
	61.7796
	11985.2424

	180 – 200
	190
	327
	62130
	147.3796
	48193.1292

	200 – 220
	210
	208
	43680
	1032.9796
	214859.7568

	220 – 240
	230
	2
	460
	2718.5796
	5437.1592

	
	
	
	
	
	



Standard deviation, 
Since the maximum frequency 327 is in the class 180 – 200, therefore, 180 – 200 is the modal class.

where
L = 180, ,, i = 20.


This is a case of moderate negatively skewed distribution.
Example 2
The following data gives the distribution of daily wages of 500 skilled workers in a factory:
	Daily wages
	No. of workers

	Below 200 
	10

	200 – 250
	25

	250 – 300
	145

	300 – 350
	220

	350 – 400
	70

	400 and above
	30


Calculate the Bowley’s coefficient of skewness and comment on its value.
Solution
	Daily wages
	No. of workers
f
	Cumulative
frequency

	Below 200 
	10
	10

	200 – 250
	25
	35

	250 – 300
	145
	180

	300 – 350
	220
	400

	350 – 400
	70
	470

	400 and above
	30
	500

	
	
	


Lower Quartile, Q1 = size of observation =observation.
Hence Q1 lies in the class 250 – 300.
L = 250, p.c.f. = 35, f = 145, i = 50.

Upper Quartile, Q3 = size of observation =observation.
Hence Q3 lies in the class 300 – 350.
L = 300, p.c.f. = 180, f = 220, i = 50.

Median = size of observation =observation.
Hence median lies in the class 300 – 350.
L = 300, p.c.f. = 180, f = 220, i = 50.


Thus, the distribution is skewed to the left.

Choosing the Right Descriptive Measures
Choosing the right descriptive measures is essential for accurately summarizing and interpreting data. By considering the type of data and the specific goals of your analysis, you can select the most appropriate measures to draw meaningful conclusions. The following tables outline how to select appropriate measures based on the type of data and the goals of your analysis.
Measures of Central Tendency
	Data Type 
	Recommended Measure 
	Description

	Nominal 
	Mode 
	Most frequent category

	Ordinal 
	Median 
	Middle value in ordered data

	Interval/Ratio 
	Mean 
	Arithmetic average

	Skewed Interval/Ratio 
	Median 
	Less affected by outliers


	Data Type 
	Recommended Measure 
	Description

	Nominal/Ordinal 
	Range 
	Difference between max and min values

	Skewed Interval/Ratio 
	Interquartile Range (IQR) 
	Spread of the middle 50% of data

	Interval/Ratio 
	Variance 
	Average squared deviation from the mean

	Interval/Ratio 
	Standard Deviation 
	Square root of variance


Measures of Dispersion
Choosing Descriptive Measures Based on Analysis Goals
	Analysis Goal 
	Recommended Measures 
	Description

	Summarizing Data 
	Mean and SD (Normal Data) 
	Standard summary for symmetric data

	Summarizing Data 
	Median and IQR (Skewed Data) 
	Robust summary for skewed data

	Comparing Groups 
	Mean and SD 
	Compare central tendency and spread

	Comparing Groups 
	Median and Range/IQR 
	Compare central tendency for ordinal data

	Detecting Outliers 
	Range, IQR, SD 
	Identify and evaluate outliers



2.Data Visualization
This is the process of converting raw data into a graphical or pictorial format, making it easier to understand, analyze, and interpret using visual elements like charts, graphs, maps, and infographics, data visualization to allow for the effective communication of complex information.
This process is crucial in transforming large datasets into visual formats that highlight trends, patterns, and outliers that may not be immediately apparent from the data alone. The data visualization simplifies the interpretation of information, helping users to quickly grasp insights, make informed decisions, and convey data-driven stories to a broad audience, including those without technical expertise.
2.1. Purpose of Data Visualization
• Simplification: Data visualization simplifies large or complex datasets by transforming them into visual formats that are easier to interpret. Instead of sifting through extensive tables or raw numbers, users can quickly grasp the essence of the data through charts, graphs, or other visual tools. For instance, a bar chart can instantly show which product line is outperforming others from the graphical view than when using raw data in the table.
• Exploration: This is mapping of data visually for analysis. It involves identifying patterns, correlations, and anomalies that might be hidden in raw data. For instance, a scatter plot can reveal a correlation between two variables, such as advertising spend and sales revenue, allowing analysts to explore potential causal relationships.
• Communication: This is to effectively communicate complex data insights to a broad audience, including stakeholders who may not have a technical background. A well-designed visualization can convey the key messages of a data analysis quickly and clearly, making it easier for stakeholders to understand the findings. For instance, a line graph depicting sales trends over time can succinctly communicate whether a company is growing, stagnating, or declining, without needing to dive into
the raw sales figures.
• Decision Support: Data visualizations are integral to the decision-making process in business and economics. Presentation of data in a clear and accessible way, visualizations enable decision-makers to quickly assess the situation, compare options, and make informed decisions. For example, dashboards that aggregate key performance indicators (KPIs) into visual formats allow executives to monitor business health in real-time and respond promptly to any issues or opportunities. Visualizations that show the impact of different scenarios, such as projected revenue under various economic conditions, can also guide strategic planning and resource allocation.
1.3. Various Visualization Techniques
• Bar Charts: An are ideal for comparing quantities across different categories. They display data using rectangular bars, where the height or length of each bar represents the value of the data point. Bar charts can be oriented either vertically or horizontally, depending on the nature of the data and the preference for display. They are particularly useful for categorical data, such as comparing the sales of different products or the population of various countries.
• Line Graphs: Are used to show trends over time. They connect continuous data points with lines, making it easy to observe changes in the data over intervals, such as days, months, or years. Line graphs are particularly effective for time series data, such as tracking stock prices, temperature changes, or company revenue over time.
• Pie Charts: These are circular charts divided into slices to illustrate numerical proportions. Each slice of the pie represents a category’s contribution to the whole, making it a useful tool for showing parts of a whole, such as market share, budget allocations, or demographic distributions.
• Scatter Plots: They display the relationship between two quantitative variables. Each data point represents an observation and is plotted along two axes corresponding to the variables being compared. Scatter plots are valuable for identifying correlations, patterns, and potential outliers in the data.
•  Histograms: They illustrate the distribution of a single quantitative variable by dividing the data into bins (intervals) and displaying the frequency of data points within each bin. They are useful for understanding the central tendency, spread, and shape of the data distribution. The bars are contiguous, which emphasizes the continuous nature of the data. Histograms are commonly used in statistical analysis to visualize data distribution, such as the distribution of exam scores or the age distribution in a population.
• Box Plots: Box plots, also known as box-and-whisker plots, provide a summary of the distribution of a dataset, highlighting the median, quartiles, and potential outliers. They are useful for comparing distributions between several groups or datasets. The line inside the box indicates the median of the dataset. Whiskers extend from the box to show the range of the data, excluding outliers, which are plotted as individual points. Box plots are particularly effective for comparing the central tendency and variability of different datasets.
Effective Representation and Conclusions in Data Visualizations
Effective data visualization is crucial for clear communication of data insights. They include:
Clarity
This is essential for ensuring that visuals are easy to read and understand. A clear and straightforward design helps the audience to quickly grasp the key insights without confusion. To achieve clarity. clarity in data visualization ensures that the information is communicated effectively and efficiently. They include;
• Simplification: Simplify the design of your visualizations by focusing on the most important data and removing unnecessary elements. This includes avoiding excessive use of colors, patterns, or effects that do not add value to the information being presented. Simplification also involves choosing the right type of visualization for your data. For instance, use a bar chart for categorical comparisons rather than a more complex chart that might be harder to interpret.
• Avoiding Clutter: Reduce clutter by limiting the amount of text, lines, and other non-essential elements within your visuals. Clutter can distract the audience and make it difficult to identify the main message. Group related data points together and ensure that the spacing between elements is sufficient to prevent overcrowding. White space can be used effectively to create a clean and organized look.
• Focus on Key Information: Highlight the most important data points or trends to direct the audience’s attention. This can be achieved through the use of color, size, or positioning, but should be done in a way that does not detract from the overall clarity. Avoid overloading the visualization with too much data. If necessary, break complex data into multiple simpler charts or graphs, each focusing on a specific aspect to make it easier for the audience to understand and engage with the data.
Consistency
This involves using uniform color schemes, scales, and labeling throughout your visuals. Maintaining consistency is crucial as it helps avoid confusion and allows the audience to easily interpret and compare data. They include consistent color usage, labeling in multiple bar charts. Consistent scales and color schemes make it easier to compare data across charts e.g.;
• Color Schemes: Use the same color palette across all your visualizations to create a cohesive and professional appearance. For instance, if you use blue to represent a particular category in one
chart, use the same shade of blue to represent that category in all other related charts. Consistent color usage aids in building a visual narrative and ensures that the audience
can quickly identify and relate different parts of the data.
• Scales: Ensure that all graphs or charts comparing similar data sets use the same scale. For example, if you’re showing sales figures across different regions, use the same Y-axis scale in all charts to make comparisons straightforward. Inconsistent scales can mislead the audience and make data comparisons difficult or inaccurate.
• Labeling: Labeling is a fundamental aspect of data visualization that plays a critical role in making visuals understandable and informative. Proper labeling ensures that the audience can accurately interpret the data being presented without confusion or misinterpretation.
Maintain uniform labeling conventions, including font size, style, and placement, across
all visualizations. This uniformity helps the audience to focus on the data rather than
deciphering different labeling styles. Consistent labeling also enhances the readability of your visuals, making it easier for the audience to follow your presentation and grasp the insights you’re conveying.
Consistency in your visual design creates a seamless viewing experience, making it easier for the audience to understand and analyze the data being presented.
Understanding and interpreting data visualizations
This is key to extracting meaningful insights. Different types of visualizations offer specific advantages for analyzing trends, relationships, and distributions in business data. The correct interpretation of visuals is essential for drawing meaningful conclusions from business data. Each type of visualization serves a specific purpose and helps highlight key data insights, supporting more informed decision-making. Here are some common interpretations:
• Trend Analysis: An ideal way for identifying upward or downward trends over time. For example, a line graph can show how sales revenue fluctuates over months or years, allowing businesses to recognize seasonal patterns or long-term growth.
• Correlation Identification: Very useful for revealing relationships between two quantitative variables. For instance, in a business context, a scatter plot might show the correlation between advertising spend and sales revenue. A positive or negative correlation indicates whether one variable increase or decreases with the other.
• Outlier Detection: Box Plots and Scatter Plots help identify outliers, which are data points significantly different from the rest. Outliers in sales figures or customer behavior might indicate unusual events or errors that require further investigation.
• Distribution Analysis: Histograms and Box Plots provide insights into the distribution of data. For example, a histogram of product prices could show how many products fall into different price ranges, while a box plot could summarize the price distribution, showing median values, quartiles, and potential outliers. Understanding the data distribution can influence decisions such as pricing strategies or inventory management.
	Visualization Type 
	Insight

	Line Graphs
	Trend Analysis

	Scatter Plots
	Correlation Identification, Outlier Detection

	Box Plots
	Outlier Detection, Distribution Analysis

	Histograms 
	Distribution Analysis



Contextual Analysis and Uses 
Contextual analysis uses visualizations to provide a clearer understanding of both economic and business environments. Data visualizations play a crucial role in providing context for decision-making. By analyzing economic indicators and business metrics visually, organizations can track performance and trends over time.
• Economic Indicators such as Gross Domestic Product (GDP), inflation rates, and unemployment rates are critical to understanding the overall health of an economy. Visualizing these indicators over time can provide insights into macroeconomic trends and help businesses align their strategies with economic trends to make informed business decisions. For example, a line graph can be used to track the GDP growth of a country over several years. A steady upward trend might signal economic growth, while a downturn could suggest a recession, influencing investment decisions or pricing strategies. Such insights can help businesses adjust their strategies to align with economic growth or contraction e.g., rising inflation might prompt cost cutting measures or price adjustments.
• Business Metrics such as sales, revenue, and customer acquisition are often tracked through dashboards. Visualizations in dashboards can help businesses track and monitor key performance indicators (KPIs) visually in real-time, allowing businesses and management to react swiftly with the current economic climate so as to make timely decisions or adjust operations to changes towards improving business performance, such as declining sales in a specific region or an increase in customer acquisition. For instance, a bar chart can be used to compare quarterly sales revenue across different regions. This visualization makes it easy to identify which region is underperforming and might need additional resources or strategic adjustments by decisionmakers to align their strategies. 
Drawing Conclusions
Drawing meaningful conclusions from visual data is a crucial phase for generating actionable insights and supporting informed decision-making. Drawing conclusions from visualizations involves generating actionable insights and using them to support strategic decisions. By focusing on areas of underperformance and emerging trends, businesses can make more informed decisions related to marketing, resource allocation, and investments. They include;
•Insight Generation: This involves analyzing visualizations to uncover patterns, trends, and areas needing attention. Effective visualizations should make it easier to identify: -
(i) Areas of Underperformance: By examining charts or graphs, you can identify regions, products, or time periods where performance is lacking. For instance, a bar chart comparing monthly sales across different regions might reveal that a particular region consistently underperforms relative to others.
(ii) Emerging Market Trends: Trends can often be detected through line graphs or scatter plots. For example, a line graph showing sales over several years might highlight an upward trend in e-commerce sales, indicating a growing market segment.
•Decision Support involves using the insights gained from visualizations to guide strategic decisions. Effective decision-making can be supported by:
(i) Marketing Adjustments: If a visualization indicates that a specific demographic is underrepresented in sales, marketing efforts can be adjusted to target this group more effectively.
(ii) Resource Allocation: Identifying high-performing regions or products can guide where to allocate resources. For example, if a bar chart shows that sales are significantly higher in one region, additional resources may be allocated to capitalize on this high performance.
(iii) Investment Decisions: Trends and patterns revealed by visualizations can influence investment decisions. For example, a growing trend in online sales might justify increased investment in e-commerce platforms or digital marketing.
Example:
Imagine you’re presenting sales data over time, and you want to highlight the performance of one particular product line.
• Highlighting: You could use a vibrant blue to make this product line stand out,
while using shades of gray for the other product lines.
• Accessibility: Ensure the colors used for the other product lines are distinguishable by varying the shades enough or by using different patterns or markers on a
line graph.
• Validation: After creating your visualization, simulate how it would look to someone with colorblindness and adjust if necessary to ensure the key information is still clear.

QUESTIONS on Descriptive statistics and Data Visualization
Attempt the following quiz
1. Given the data set: 5, 8, 12, 15, 18, calculate the standard deviation.
2. Explain how outliers can affect the standard deviation of a data set.
3. Why is the standard deviation considered a better measure of dispersion compared to
the range?
4. Calculate the standard deviation for the following grouped data:
	Class Interval 
	Frequency (fi)

	10 - 20 
	4

	20 - 30 
	6

	30 - 40 
	10

	40 - 50 
	8

	50 - 60 
	2


5. Find the interquartile range (IQR) for the following data set: 25, 28, 31, 34, 36, 39, 42, 45.
6. calculate the IQR from the grouped in question 4:
7. What is the primary benefit of visualizing economic indicators like GDP, inflation rates, and unemployment?
(A) To create more attractive reports
(B) To gain insights into macroeconomic trends and make informed business decisions
(C) To compare businesses in different sectors
(D) To entertain stakeholders with colorful visuals
Answer: B
8. Which type of graph would be most suitable for tracking GDP growth over several years?
(A) Pie chart
(B) Bar chart 
(C) Line graph
(D) Scatter plot
Answer: C
9. In the example provided, what can the bar chart comparing quarterly sales in North America and Europe help businesses identify?
(A) The performance of a single product
(B) Which region is underperforming and may need strategic adjustments
(C) The unemployment rate in both regions
(D) Customer satisfaction levels Methods
Answer: B
10. Why are dashboards important for tracking business metrics like sales and customer acquisition?
(A) They provide an aesthetically pleasing summary of data
(B) They allow businesses to monitor key performance indicators (KPIs) in real-time and react swiftly
(C) They enable businesses to create competitive advertisements
(D) They help visualize data for external stakeholders
Answer: B

END OF MODULE ASSESSMENT
Test your understanding!
Attempt all the questions
1. A retail company is analyzing the sales performance of two different product categories over the last quarter. The sales data for each category is highly skewed due to a few extreme values.
(a) Which measure of central tendency (mean, median, or mode) would be most appropriate for summarizing the typical sales performance of each product category? Justify your choice.
(b) In addition to the central tendency, which measure of dispersion (range, interquartile range, or standard deviation) would best complement your chosen central tendency measure to describe the sales distribution? Explain why.
2. An economist is studying the income distribution of two different regions. Region A has a normal income distribution, while Region B has an income distribution with significant outliers due to a few very high-income individuals.
(a) For Region A, recommend and justify the most suitable measures of central tendency and dispersion.
(b) For Region B, recommend and justify the most suitable measures of central tendency and dispersion, considering the presence of outliers.
3. A marketing analyst has collected data on customer preferences for three different products (Product A, Product B, and Product C) across two regions (Region X and Region Y). The data set includes the number of customers who prefer each product in both regions.
Customer Preferences Data:
• Region X:
– Product A: 150 customers
– Product B: 120 customers
– Product C: 130 customers
• Region Y:
– Product A: 180 customers
– Product B: 160 customers
– Product C: 140 customers
(a) Organize this data into a cross-tabulation (contingency table) that shows the number of customers preferring each product in each region.
(b) Based on the cross-tabulation, calculate the row and column totals, and interpret the results in the context of the regional preferences for each product.
4. A retail company has gathered monthly sales data for its stores in three different cities.
The data is as follows:
• City A: 120, 135, 150, 145, 160, 155, 170
• City B: 80, 90, 95, 85, 100, 105, 110
• City C: 200, 210, 220, 215, 225, 230, 240
(a) Organize the sales data for each city into a frequency table, using appropriate intervals.
(b) Using the frequency tables, calculate the mean and standard deviation of the sales for each city. Which city shows the highest variability in sales? Explain how these descriptive measures can help the company in making business decisions
5. Describe the purpose and key features of at least three different data visualization techniques (e.g., bar charts, scatter plots, pie charts). Provide examples of scenarios where each technique would be most effective in business or economic analysis.

	
	ACTIVITY 2: Watch YOUTUBE VIDEO


 
Take a break by watching this video that measures and summarized the dataset
in a simple way. https://youtu.be/mk8tOD0t8M0


[bookmark: _Toc179201698]ACTIVITY 3: PRACTICAL SKILLS
 
	VIDEO 1: Demonstration of practical use of knowledge acquired

.
In groups do research and demonstrate the visualization presentation that is specific and that can inform policy and decision making
[bookmark: _Toc179201700]ACTIVITY 4: ONLINE DISCUSSION
	Use chats, forum, question/answer, message my teacher to engage others.


Discussion forum:
 
In your groups, discuss data visualization methods that is used to analyze and present research problem in your context. Share your findings and recommendations in the group forum, and engage with other groups by providing feedback and discussing alternative approaches.
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[bookmark: _Toc179201703]To enhance your knowledge about Descriptive statistics and Data Visualization, kindly read this Chapters. Please make short notes as you read through.
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[bookmark: _Toc179201706]Take Home Message
Congratulations for successfully going through Descriptive statistics and Data visualization module. You’ve learned how to prepare, summarize, transform and interpret complex data into clear, actionable insights, strategic planning, enhancing communication and supporting.
[bookmark: _heading=h.slguvejet616] 
[bookmark: _Toc179201707]  What’s Next?
Keep the eye on the staircase to reach the next level!


	[bookmark: _Toc179201708]MODULE 4:  Probability Theory and Distributions


 INSTRUCTIONAL HOURS: 4, 5 or 6
[bookmark: _Toc179201709] Module Overview
[bookmark: _heading=h.jtwbb6vea67o]This module provides you with a comprehensive exploration of probability theory and distributions, fundamental to statistical analysis and inference. The focus is on enabling you to understand the practical applications of probability distributions in hypothesis testing, risk assessment, and decision-making in modeling real-world phenomena. Learning Outcomes
At the end of this module, you will be able to:
1. Describe the core concepts of probability and Distributions
2. Analyze the various discrete and continuous probability distributions with their applications
3. Evaluate the role of probability theory in sampling techniques, hypothesis testing, and statistical inference.
4. Assess the probability-based statistical results solve practical business problems and make data-driven decisions.

[bookmark: _Toc179201710]    Learning Activities/Task List
1. Watch Lecture Video[image: Shape

Description automatically generated with low confidence]
2. Review power presentation PDF
3. Watch lecture related videos
4. Complete participation assignment:  Quiz 1
5. Complete personal introduction video
6. Review concept assignment : Quiz 2



[bookmark: _Toc179201711]INSTRUCTIONAL MATERIALS & LEARNING ACTIVITIES 

	TASKs
	READ THE FOLLOWING NOTES



REFLECTION OF THE MODULE
Many people use the concept of probability in their daily lives without actually being aware of it. For example, we often find people making such statements as: “It is likely that it may rain”, “We probably will get the contract”, “It is possible that the price of shares may go down further”, etc. Though such assertions seem to be quite clear, a careful analysis would reveal that there are considerable difficulties in specifying the meaning of these statements.
In the beginning, the probability theory was successfully applied in gambling tables. Gradually it was applied in the solution of social, economic, political and business problems.
Today the concept of probability has assumed great importance and the mathematical theory of probability has become the basis for statistical applications in both social and decision-making research.
What is Probability?
Probability constitutes the foundation of statistical theory and application. It is a measure of the likelihood that an event will occur. It is expressed as a number between 0 and 1, where;  
· 0 indicates that the event is impossible.
· 1 indicates that the event is certain.   
A value between 0 and 1 indicates the likelihood of the event occurring.
The knowledge of probabilistic methods has become increasingly essential in quantitative analysis of business and economic problems.
Consider identifying an event that cannot occur? And can you think of an event that will definitely happen in your life. What comes out?

Probability theory
It is a branch of mathematics that deals with the study of chance and randomness. It provides a framework for quantifying uncertainty and making predictions based on limited information.
Concepts in Probability Theory
· Random Experiment: A process with uncertain outcomes.
· Sample Space: The set of all possible outcomes of a random experiment.
· Event: A subset of the sample space.
· Probability: A measure of the likelihood that an event will occur.
· Conditional Probability: The probability of one event occurring given that another event has already occurred.
· Independence: Events are independent if the occurrence of one does not affect the probability of the other.

A thorough understanding of the fundamentals of probability theory will permit a businessman to deal with uncertainty in business situations in such a way that he can assess systematically the risks involved in each alternative, and consequently act to minimize risks.
Over the years, numerous definitions are given and we can classify these into different schools of thought. There are mainly four schools of thought on probability namely:
1.	The Classical Approach
The classical or a priori approach happens to be the earliest. This school of thought assumes that all the possible outcomes of an experiment are mutually exclusive and equally likely. The words “equally likely” convey the notion of equally probable, and mutually exclusively means if one event occurs the other event will not occur, i.e., the classicists believe that each outcome of an experiment has the same probability for its occurrence as any other. For example, when we toss a coin the probability of head is equal to the probability of a tail and is equal to ½. Similarly, each card drawn at random from well-shuffled deck of playing cards has the same chance to be drawn, i.e., 1 in 52 or 1/52; the probability of drawing a heart would be 13/52. 
Thus, the classical concept defines the probability of an event as follows: If there are “a” possible outcome favorable to the occurrence of an event E, and “b” possible outcomes unfavorable to the occurrence of E and all these possible outcomes are equally likely and mutually exclusive, then the probability that the event E will occur, denoted by, is

In the a priori method of measurement as well as in all other methods, the probability of an event E is a number such that  , and the sum of the probability that an event will occur and the probability that it will not occur is equal to one.

2.	The Relative Frequency Approach
While the classical theory is useful for solving problems which involve games of chance, it encounters serious difficulties in analyzing a wide range of other types of problems. For example, it is inadequate for answering questions such as: What are the probabilities that
1. A man aged 45 will die within the next year,
1. A consumer in a certain metropolitan area will purchase a particular product during the next month,
1. A production process used by a particular firm will produce a defective item.
 In none of these situations, it is feasible to establish a set of complete and mutually exclusive outcomes each of which is equally likely to occur. For example, in (a) there are only two possible occurrences, the individual will die during the ensuing year or he will live. The likelihood that he will die is of course, much smaller than he will live. How much smaller? This is the type of question that requires reference to empirical data.
The relative frequency theoreticians agree that the only valid procedure for determining event probabilities is through repetitive experiments.
The ratio of the number of occurrences of an event to the number of possible occurrences in an experiment is referred to as the relative frequency. Two definitions of probability in terms of relative frequency can be given:
1. If an experiment is performed n times under the same conditions and there is “a” outcome, , favoring an event, then an estimate of the probability of that event is the ratio .
1.  The estimate of probability of event, approaches a limit, the true probability of the event, when n approaches infinity is given by

It may be noted that we can never obtain the probability of an event as given by the above limit. In practice, we can only try to have a close estimate of  based on large n. However, this approach does emphasize that probability involves a long-run concept.

 3.	The Axiomatic Approach
The axiomatic theory of probability is an honest attempt at constructing a theory of probability, largely free from the inadequacies of both the classical and empirical approaches, in the true mathematical tradition. It is true that the introduction of advanced logic through mathematical abstractions renders the complex real-world situation too idealized (or too simplified) to be of any immediate practical utility. Thus, the primary purpose of the development of an axiomatic theory lies in the fact that it makes available to the inquisitive mind a large body of abstract mathematical concepts, tools and techniques with which to identify, model, study and infer about real-world chance phenomena of interest.
4.	The Personalistic Approach
Though this approach to probability is relatively recent its application to statistical problems has occurred virtually entirely in the post- World War II period, particularly in connection with statistical decision theory. According to the Personalistic or subjective concept, the probability of an event is the degree of confidence (or belief) placed in the occurrence of an event by a particular individual based on the evidence available to him. This evidence may consist of relative frequency to data and any other quantitative or qualitative information. According to the degree of belief for its possible occurrence, a subjectivist would assign a weight between 0 and 1 to an event. Thus, if one believes that it is very likely that the event will occur, he will assign a probability close to one and if he believes that it is unlikely that the event will occur, he will assign a probability close to zero.

We begin our study of probability theory with some definitions.
The sample space is defined as the set of all possible outcomes of an experiment. For example:
· When a die is thrown the sample space is 1, 2, 3, 4, 5 and 6. i.e. 
· If two coins are tossed, the sample space is HH, TT, HT, and TH. i.e. 
· In testing the reliability of a machine, the sample space is ‘success’ and ‘failure’.
Each possible outcome is a sample point. A collection of sample points with common property is called an event. It is usually denoted by E.
· If a die is thrown and a number less than 4 is obtained, this is an event containing the sample points 1, 2, and 3.
· If two coins are tossed and at least one head is obtained, this is an event containing the sample points HH, HT and TH.
NOTE: 
(i)	
(ii)	A sample point is an event consisting of one element only.
(iii)	An empty set, , is an event in S, i.e., 
(iv)	S itself is also an event

Let A and B be two events in S, i.e., , then
1. is an event that occurs if A occurs or B occurs or both A and B occurs.
1. is an event that occurs if both A and B occurs.
1. is the event that occurs if A does not occur.
From definition; and for every event A in S.
The probability of a sample point is the proportion of occurrences of the sample point in a long series of experiments.
We will denote the probability that sample point x will occur by . For example, a coin is said to be ‘fair’ if heads and tails are equally likely to occur, so that 
P (H) = P (T) = ½. By this we mean that if the coin is tossed N times and  heads are observed, then the ratio  tends to get closer to ½ as N increases. On the other hand, if the coin is ‘loaded’ then the ratio  will not tend to ½.
· The probability of a sample point always lies between zero and one
· If the sample point cannot occur, then its probability is zero, but if the sample point must occur, then its probability is one.
· The sum of all the sample points is one.
Probability theory is concerned with setting up a list of rules for manipulating these probabilities and for calculating the probabilities of more complex events. Most probabilities have to be estimated from sample data but simple examples deal with equally likely sample points which are known to all have the same probability.

Example 1
Toss two fair coins. Denote heads by H and tails by T. There are four points in the sample space and they are equally likely to occur.

	Sample space
	HH
	HT
	TH
	TT

	Probability
	1/4
	1/4
	1/4
	1/4



Example 2
If two fair dice are tossed, the sample space consists of the thirty- six combinations shown below:
	1,1
	1,2
	1,3
	1,4
	1,5
	1,6

	2,1
	2,2
	2,3
	2,4
	2,5
	2,6

	3,1
	3,2
	3,3
	3,4
	3,5
	3,6

	4,1
	4,2
	4,3
	4,4
	4,5
	4,6

	5,1
	5,2
	5,3
	5,4
	5,5
	5,6

	6,1
	6,2
	6,3
	6,4
	6,5
	6,6


Each of the thirty-six sample points is equally likely to occur and so each has probability . By inspection we can see for example that
P (sum of the 2 dice is 7) = 
P (sum is 2) = 
P (sum is 7 or 11) = 
Types of events
Mutually exclusive events
If two events, E1 and E2, are mutually exclusive, they have no common sample points. In a single trial mutually, exclusive events cannot both occur; the probability that one of the mutually exclusive events occurs being the sum of their respective probabilities. This is the addition law for mutually exclusive events.

The notation  means that at least one of the events occurs; as applied to mutually exclusive events it means that one event or the other occurs.
For example, if a coin is tossed once and head appears the tail cannot appear.

Not Mutually exclusive events
Two events that are not mutually exclusive contain one or more common sample points. The probability that at least one of these events occur is given by the general addition law
, where (E1 ∩E2) is the event that both E1 and E2 occur.
Example 3
What is the probability of rolling two dice to obtain the sum seven and/or the number three on at least one die?
Solution
Let event E1 be ‘the sum is 7’ and event E2 be ‘at least one 3 turns up’. By inspection of the table in the previous example, we find
P (E1) = , 
Thus 

· Events that are mutually exclusive may be further classified as independent events
· Events that are not mutually exclusive may be further classified as dependent events. 

Dependence between events is treated by the notion of conditional probability.

Conditional probability
We define the probability of an event as the sum of the probabilities of the sample points in the event. . 
Now suppose that we are interested in the probability of an event E1 and we are told that event E2 has occurred. The conditional probability of E1, given that E2 has occurred, is written , can be read as P (E1 given E2). The conditional probability can be defined:


The effect of the conditional information is to restrict the sample space to the sample points contained in event E2.
Example 4
Given that a roll of two fair dice has produced at least one three, what is the probability that the sum is seven? 
Solution
Let event E1 be ‘the sum is 7’ and event E2 be ‘at least one 3 turns up’. 

This result can be obtained directly from the table of example 2, by removing all points in which no three occurs. Of the remaining eleven points exactly two give a sum which is seven.
AXIOMS OF PROBABILITY
(1)	For every event 
(2)	P (S) = 1
(3)	If A and B are mutually exclusive events in S, .
(4)	If  are mutually exclusive events in S, .
Theorem 1
If  is the empty set, then 
Theorem 2
where is the complement of A. 
Theorem 3
If A and B are any two events in S;
. 
Theorem 4
If A and B are any two events in S;
. 
In particular; if A and B are mutually exclusive events in S;

Example 5
A firm has 231 employees classified by age and job category as follows:
	

Job
	

Category
	Age category

	
	
	
	
	
	
	
	
Total

	
	
	
	
	
	
	
	

	
	Peons
	20
	20
	15
	10
	5
	70

	
	Clerks
	3
	6
	3
	2
	1
	15

	
	Draftsmen
	15
	30
	35
	20
	10
	110

	
	Salesmen
	1
	5
	10
	5
	2
	23

	
	Junior Executives
	0
	1
	5
	2
	0
	8

	
	Executives
	0
	0
	2
	2
	1
	5

	
	Total
	39
	62
	70
	41
	19
	231



Based on the above table, explain in words the following sets and give the number of employees in each set:
(a)		(b)		(c)		(d)		(e)	
(f)		(g)		(h)		(i)		
Solution
(a)	 gives us the intersection between peons and age greater than 35, i.e., those peons who are more than the age 35. From the table this gives us the value 5. Hence .
(b)	Similarly,  means the intersection between the age group and that of executives, i.e., the executives who are in the age group. From the table this gives us the value 0. Hence .
(c)	Similarly, .
(d)	gives the union between age less than 20 and executives, i.e., either in the category of age less than 20 and executives or both, therefore, .
(e)	Similarly,
(f)	Similarly,
(g)	means not contained in , i.e., all those except the setcontaining 41 employees. Hence .
(h)	gives us the union of  and first then its intersection with , i.e.,.
(i)	Similarly, . 
Independent and Dependent events
Two events, E1 and E2, are said to be independent if . Thus, the knowledge that event E2 has occurred has no effect on the probability of event E1. Conversely, two events are said to be dependent if .
Example 6
A coin is tossed three times and the eight possible outcomes, HHH, HHT, HTH, THH, HTT, THT, TTH, and TTT, are assumed to be equally likely. If A is the event that a head occurs on each of the first two tosses, B is the event that a tail occurs on the third toss, and C is the event that exactly two tails occur in the three tosses, show that:
1. events A and B are independent;
1. events B and C are independent.

Solution
Since

the assumption that the eight possible outcomes are all equiprobable yields

(a)	Since , events A and B are independent.
(a)	Since , events B and C are not independent.
Conditional Probability
Let A be an event in a sample space S.
The probability that an event B occurs given that A has occurred is defined as:
…………………………………………………...(i)
is the conditional probability of B given that A has occurred.
From definition (i) above, for any two events A, B in S
 [Multiplication law of probability]
Also;

Extension of multiplication law of probabilities for three events
For three events A, B, and C in S;

In general; for nevents ;

This is also known as the multiplication Theorem.


Example 7
A pair of dice is tossed. If the two numbers appearing are different, find the probability that;
(i)	The sum is six
(ii)	The sum is four or less
Solution
consists of 36 equally likely points.
Let A be the event that “the number appearing are different”
. Hence 
Let B be the event that “the sum is six”
. 
Hence 
. Hence .
Thus 

(ii)	
Let C be the event that “the sum is four or less”
. 
Hence 
. Hence .
Thus 

Example 8
A class has ten boys and 5 girls. Three students are selected at random without replacement from the class. Find the probability that:
(i)	All are girls
(ii)	The first two are boys and the third is a girl.
(iv) The first and the third are of the same sex and the second is opposite sex.

Solution
Let  denote the event “the ith student selected is a girl” and  denote the event “the ith student selected is a boy”.
(i)	

(ii)	

(iii)	
	
	

	Required probability is 

Joint Events
The probability of the joint event (E1 E2) can be obtained by considering  which can be rearranged to give .
Similarly, 
These relations are general and apply to both dependent and independent events. Of course, if the events are independent then  so that the equation simplifies to give 
This is called the product law for independent events.


Example 9
What is the probability of rolling the sum seven with two fair dice, one of which will be a three?
Solution
Let event E1 be ‘the sum is 7’ and event E2 be ‘at least one 3 occurs’. 


If there are three events then similar reasoning provide all required relationships.



If E1, E2, and E3 are independent events then


Example 10
Suppose that if a person visits his dentist, the probability that he will have his teeth cleaned is 0.44, the probability that he will have a cavity filled is 0.24, the probability that he will have a tooth extracted is 0.21, the probability that he will have his teeth cleaned and a cavity filled is 0.08, the probability that he will have his teeth cleaned and a tooth extracted is 0.11, the probability that he will have a cavity filled and a tooth extracted is 0.07, and the probability that he will have his teeth cleaned, a cavity filled, and a tooth extracted is 0.03. What is the probability that a person visiting his dentist will have at least one of these things done to him?

Solution
If C is the event that the person will have his teeth cleaned, F is the event that he will have a cavity filled, and E is the event that he will have a tooth extracted, we are given P (C) = 0.44, P (F) = 0.24, P (E) = 0.21, P (C ∩ F) = 0.08, P (C ∩ E) = 0.11, 
P (F ∩ E) = 0.07, and P (C ∩ F ∩ E) = 0.03, and substitution into the formula for addition of three events;

Permutations and combinations
Many problems in probability require the total number of points in a sample space to be counted. When there is a very large number of these, knowledge of combinatorial theory, and in particular of permutations and combinations, is useful.
A quantity frequently used in combinatorial theory is factorial n, which is defined as factorial . 

Permutations
The number of ways in which r items can be selected from n distinct items, taking notice of the order of selection, is called the number of permutations of n items taken r at a time, and is denoted by , or P (n, r).

For example, the number of permutations of the letters a, b, c taken two at a time is
. These are ab, ac, bc, ba, ca, cb.
Combinations
The number of ways in which r items can be selected from n distinct items, disregarding the order of selection, is called the number of combinations of n items taken r at a time, and is denoted by . There is r! permutations which are same combination. Thus, we have
.
For example, the number of combinations of the letters a, b, c taken two at a time is
. These are ab, ac, bc.
Important note: ab is the same combination as ba but not the same permutation.

Example 11
An inspector draws a sample of five items from a batch of a hundred valves which are numbered from one to a hundred to distinguish them. How many distinct samples can he choose? If there is one defective item in the batch, how many distinct samples of size five can be drawn which contain the defective item? What is the probability of drawing a sample which contains the defective item?
Solution
As we are not concerned with the order in which the valves are selected, the total number of distinct samples is the number of combinations of five from a hundred, i.e., . In the second case one of the items is fixed and we need to find the total number of ways of selecting four more items from the remaining ninety-nine valves. This is . Thus, the probability of drawing a sample which contains the defective item is . This probability can of course be written down straight away by noting that any valve has a probability of  of being in any particular sample. 
BAYES’ THEOREM
The events  are called a partition of the sample space S if   and . Thus, a partition cuts the whole sample space into mutually exclusive pieces. Figure 1 below gives a Venn diagram with n = 7 events in the partition.
	


   Figure 1
  If   is any event and  is a partition of S, then  also partition A; that is;
, and, of course, 
Figure 2 pictures this partitioning of the event A, again with n = 7 events in the partition.

	


  Figure 2
It then follows that we can write
, a result known as the theorem of total probability.
Example 1
A calculator manufacturer buys the same integrated circuit from three different suppliers, call them I, II, and III. From past experience, 1% of the circuits supplied by I have been defective, 3% of those supplied by II have been defective and 4% of those supplied by III have been defective. Granted that this manufacturer buys 30% of his circuits from I, 50% from II, and the rest from III, use the theorem of total probability to compute the probability that an integrated circuit, checked just before final assembly into a calculator, is found to be defective.
Solution
Let A be the event that the chip is found defective and let  be the events that the chip selected was manufactured by I, II, III, respectively, and we have , . 
Thus  so
.

· The theorem of total probability can be used to establish Bayes’ Theorem, named after the Reverend Thomas Bayes.
Theorem (Bayes’ Theorem)
Let  be a partition of S. Then for any event 

Proof
By definition;
and since ,
, 
the result follows immediately.
Example 2
Assume that the probability is 0.95 that the jury selected to try a criminal case will arrive at the appropriate verdict. That is, given a guilty defendant on trial, the probability is 0.95 that the jury will find him guilty and, conversely, given an innocent man on trial, the probability is 0.95 that the jury will find him innocent. Suppose that the local police force is quite diligent in its duties and that 99% of the people brought before the court are actually guilty. Compute the probability that a defendant is innocent, given that the jury finds him innocent.
Solution
Let G be the event that the defendant is guilty and let J be the event that the jury finds him guilty.
Then we are given that , and we want to compute .
G and  form a partition of the sample space, so from Bayes’ Theorem,

Thus, there is about 1 chance in 6 he really is innocent, if found innocent, and about 5 chances in 6 he is guilty, although found innocent.


It is not, at first glance, easy to grasp the meaning of Bayes’ Theorem. Note that it gives the probability of occurrence of, one of the events in a partition, given an event A has occurred, which seems in a sense backward. Some of its original uses were concerned with, which represented various possible mutually exclusive theories of how the world was created or how it reached its current state; the values  were called prior probabilities. 
The event A represents some event that is known to have occurred, such as a recorded history to a given point in time. Bayes’ theorem then shows how to evaluate, the conditional probability theory i is correct (called the posterior probability), given the occurrence of A. 
It is well suited for adaptive schemes of using data or experience to modify prior beliefs. Criticism of Bayesian procedures generally centers on the assumption that  and  are necessarily known. If they are not, of course, it is not possible to employ the theorem.
Example 3
Let us assume the same situation as Example 1: 
30% of the integrated circuits are supplied by I, 50%, by II, and 20%, by III, and the probabilities of defects for these suppliers are: .
Now suppose that an unlabeled box of these integrated circuits is found; it is known only that all the integrated circuits in the box came from the same supplier, which particular one is unknown. Without testing any of the circuits, it would seem reasonable to assume that the probabilities the box came from each of the three are   
, respectively, because these are the proportions of circuits purchased from the three suppliers. If one circuit is selected from the box and tested, use Bayes’ theorem to compute new probabilities that the box came from each of the three suppliers, given the result of testing the circuit.
Solution
If the circuit is tested and found defective, then the event A, defective circuit, has occurred and we have




On the hand, if the circuit tested is found to be non-defective, then the event , non-defective circuit, has occurred and we would have




Thus, the posterior probabilities that the box was supplied by I, II, or III are changed more from their initial unconditional values by finding the circuit defective than they are by finding the circuit non defective.
Baye’s theorem can be applied more than once. If one circuit has already been selected, tested, and found defective the probabilities that the box came from suppliers I, II, and III are (with a slight shift in notation so we can apply Bayes’ Theorem again without confusion)  .
If a second item is selected and found defective, we have




which would be the probabilities that the box came from the three suppliers, given two circuits were tested and both found defective.

PROBABILITY DISTRIBUTIONS
Probability Distributions are mathematical functions that describe the likelihood of different outcomes occurring. They are essential tools in probability theory and statistics, allowing us to model and understand the behavior of random variables.
It involves listing of all the outcomes of an experiment and the probability associated with each outcome.

Characteristics of a probability distribution
· The probability of a particular outcome is between 0 and 1, inclusive.
· The sum of the probabilities of all mutually exclusive outcomes is 1.0


Random Variables
Any characteristic that can be measured or categorized is called a variable. If a variable is able to assume a number of different values such that any particular outcome is determined by chance, then it is known as a random variable. A random variable assigns a real number to every possible outcome or event in an experiment. It is normally represented by a letter such as X or Y. When the outcome itself is numerical or quantitative, the outcome numbers can be the random variable. 
For example, consider refrigerator sales at an appliance store. The number of refrigerators sold during a given day can be the random variable. Using X to represent this random variable, we can express this relationship as follows:
X = number of refrigerators sold during the day
In general, whenever the experiment has quantifiable outcomes, it is beneficial to define these quantitative outcomes as the random variable. 

Example 1

	Experiment
	Outcome
	Random Variables
	Range of Random
Variables

	Stock 50 Christmas trees
	Number of Christmas trees sold
	X = Number of Christmas trees sold 
	


	Inspect 600 items
	Number of acceptable items
	
	

	Send out 5000 sales letters
	Number of people responding to the letters
	
	


	Build an apartment building
	Percent of building completed after 4 months
	
	


	Test the lifetime of a lightbulb (minutes)
	Length of time the bulb lasts upto 80,000 minutes
	

	




When the outcome itself is not numerical or quantitative, it is necessary to define a random variable that associates each outcome with a unique real number.

Example 2: Random Variables for Outcomes that are Not Numbers

	Experiment
	Outcome
	Range of Random
Variables
	Random
Variables

	Students Respond
to a Questionnaire
	Strongly Agree (SA)
Agree (A)
Neutral (N)
Disagree (D)
Strongly Disagree (SD)
	
	

1, 2, 3, 4, 5

	One machine is inspected
	Defective
Not defective
	
	0, 1

	Customers respond to how
they like a product
	Good
Average
Poor
	
	
1, 2, 3



There are two types of random variables: Discrete random variables and continuous random variables.
A discrete random variable is able to assume only a finite or countable number of outcomes. One example is marital status; an individual can be single, married, divorced, or widowed. 
Which of the random variables in example 1 are discrete random variables? 
Looking at example 1, we can see that stocking 50 Christmas trees, inspecting 600 items, and sending out 5, 000 letters are all examples of discrete random variables. The number of Christmas trees sold, for example, can only be integer numbers from 0 to 50. 

A continuous random variable, such as weight or height, can take on any value within a specified interval or continuum. Are there any examples of continuous random variables in examples 1 and 2 above? Looking at example 1, we can see that testing the lifetime of a lightbulb is an experiment that can be described with a continuous random variable. In this case, the random variable, S, is the time the bulb burns. It can last for 3,206 minutes, 6,500.7 minutes, 251.726 minutes, or any other value between 0 and 80,000 minutes. In most cases, the range of a continuous random variable is stated as: 
, such as . The random variable R in example 1 is also continuous.

Probability Distributions of Discrete Random Variable

Probability distribution of a random variable is a statement specifying the set of its possible values together with their respective probabilities. Every random variable has a corresponding probability distribution. A probability distribution applies the theory of probability to describe the behavior of a random variable. In the discrete case, it specifies all possible outcomes of the random variable along with the probability that each will occur. In the continuous case it allows us to determine that are associated with a specified range of values.
For example, let X be a discrete random variable that represents the live birth order of each child born to a woman residing in some village. If a child is a woman's first-born, for instance, then X = 1; if it is a second child then X = 2. To construct a probability distribution for X, we list each of the values x that the random variable can take along with the probability p(X=x) for each one.  This can be represented in the table below;
Probability distribution of a random variable X representing the live birth order of children born in some village
	 x
	1
	2
	3
	4
	5
	6
	7
	8
	Total

	P(X=x)
	0.416
	0.330
	0.158
	0.058
	0.021
	0.009
	0.004
	0.004
	1.000


The table above is a probability distribution listing each possible outcome and its associated probability. The probabilities represent the relative frequency of occurrence of each outcome x in a large number of trials repeated under essentially identical conditions. They tell us which values are more likely to occur than the others. Since all possible values of the random variable are taken into account, the outcomes are exhaustive; therefore, the sum of their associated probabilities must be 1.
Expected Value of Discrete Probability Distribution
Once we have established a probability distribution, the first characteristic that is usually of interest is the central tendency of the distribution. The expected value, a measure of central tendency, is computed as the weighted average of the values of the random variable:

where:
	Xi = random variable’s possible values
       = probability of each of the random variable’s possible values
	= summation sign indicating we are adding all n possible values
 Expected value or mean of the random variable
Example 3
The 100 students in Pat Shannon’s statistics class have just completed a math quiz that he gives on the first day of class. The quiz consists of five very difficult algebra problems. The grade on the quiz is the number of correct answers, so the grades theoretically could range from 0 to 5. However, no one in this class received a score of 0, so the grades range from 1 to 5. The random variable X is defined to be the grade on this quiz, and the grades are summarized below:





	Random Variable (X)
	Number
	Probability 

	1
	10
	

	2
	20
	

	3
	30
	

	4
	30
	

	5
	10
	

	Total
	100
	1



Find the expected value of X, i.e., .
Solution

The expected value of 2.9 is the mean score on the quiz.

Variance of a Discrete Probability Distribution
In addition to the central tendency of a probability distribution, most people are interested in the variability or the spread of the distribution. If the variability is low, it is much more likely that the outcome of an experiment will be close to the average or expected value. On the other hand, if the variability of the distribution is high, which means that the probability is spread out over the various random variable values, there is less chance that the outcome of an experiment will be close to the expected value.
The variance of a probability distribution is a number that reveals the overall spread or dispersion of the distribution. For a discrete probability distribution, it can be computed using the following equation:
 
where:
	Xi = random variable’s possible values
      	 = probability of each of the random variable’s possible values
	= summation sign indicating we are adding all n possible values
 Expected value or mean of the random variable
= difference between each value of the random variable and the expected value.
To compute the variance, each value of the random variable is subtracted from the expected value, squared, and multiplied times the probability of occurrence of that value. The results are then summed to obtain the variance.
Example 4
Using the results of example 3 above, find the variance of X, the grade of the quiz.
Solution

A related measure of dispersion or spread is the standard deviation. This quantity is also used in many computations involved with probability distributions. The standard deviation is just the square root of the variance:


The standard deviation for the random variable X in the above example is:

These calculations are easily performed in Excel. Program 6.4.1A shows the inputs and formulas in Excel for calculating the mean, variance, and standard deviation in this example. Program 6.4.1B provides the output for this example.
Program 6.4.1A:
	
	A
	B
	C
	D

	1
	X
	P(X)
	XP(X)
	

	2
	5
	0.1
	=A2*B2
	=(A2-$C$7)^2*B2

	3
	4
	0.2
	=A3*B3
	=(A3-$C$7)^2*B3

	4
	3
	0.3
	=A4*B4
	=(A4-$C$7)^2*B4

	5
	2
	0.3
	=A5*B5
	=(A5-$C$7)^2*B5

	6
	1
	0.1
	=A6*B6
	=(A6-$C$7)^2*B6

	7
	
	
	=SUM(C2:C6)
	=SUM(D2:D6)

	8
	
	
	
	=SQRT(D7)



Program 6.4.1B:

	
	A
	B
	C
	D
	E
	F

	1
	X
	P(X)
	XP(X)
	
	
	

	2
	5
	0.1
	0.5
	0.441
	
	

	3
	4
	0.2
	0.8
	0.242
	
	

	4
	3
	0.3
	0.9
	0.003
	
	

	5
	2
	0.3
	0.6
	0.243
	
	

	6
	1
	0.1
	0.1
	0.361
	
	

	7
	
	
	2.9
	1.290
	=Variance
	

	8
	
	
	
	1.136
	=Standard deviation
	



Probability Distribution of a Continuous Random Variable
There are many examples of continuous random variables. The time it takes to finish a project, the number of ounces in a barrel of butter, the high temperature during a given day, the exact length of a given type of lumber, and the weight of a railroad car of coal are all examples of continuous random variables. Since random variables can take an infinite number of values, the fundamental probability rules for continuous random variables must be modified. As with discrete probability distributions, the sum of the probability values must equal 1. With a continuous probability distribution, there is a continuous mathematical function that describes the probability distribution. This function is called the probability density function. It is usually represented by . When working with continuous probability distributions, the probability function can be graphed, and the area underneath the curve represents probability. Thus, to find any probability, we simply find the area under the curve associated with the range of interest, i.e.,

Example:
The weight could vary from 5.06 to 5.30 grams, with weights around 5.18 grams being the most likely. The shaded area represents the probability the weight is between 5.22 and 5.26 grams. For any continuous distribution, the probability does not change if a single point is added to the range of values that is being considered. In figure 6.5.1 this means the following probabilities are all exactly the same:


The inclusion or exclusion of either endpoint (5.22 or 5.26) has no impact on the probability.
  
The Binomial Distribution 
Many business experiments can be characterized by the Bernoulli process. The probability of obtaining specific outcomes in a Bernoulli process is described by the binomial probability distribution. In order to be a Bernoulli process, an experiment must have the following characteristics:
1. Each trial in a Bernoulli process has only two possible outcomes. They are typically called a success or a failure, although examples might be yes or no, heads or tails, pass or fail, defective or good, and so on.
1. The probability stays the same from one trial to the next.
1. The trials are statistically independent.
1. The number of trials is a positive integer.
A common example of this process is tossing a coin.

The binomial distribution is used to find the probability of a specific number of successes out of n trails of a Bernoulli process. To find this probability, it is necessary to know the following:
n = the number of trials
p = the probability of a success on any single trial  
We let
	x = the number of successes
	q = 1 – p = the probability of failure
The binomial formula is:
Probability of x successes in n trials = 

That is;


The mean of a binomial random variable X is given by:

E(X) = np

The variance of a binomial random variable X is given by:
Variance = np (1-p) =npq

The expression for the variance of a binomial random variable is such that it has the highest value when p = 0.5; it decreases when p tends to 0 or 1. When p is very large or very small, nearly all of the outcomes take the same value – for example, almost everyone smokes or almost everyone does not smoke – and the variability among outcomes is small. In contrast, if half of the population takes the value of 0 and the other half takes the value of 1, then it will be more difficult to predict any particular outcome; in this case, the variability is relatively large.
Note that the distribution is skewed to the right when p < 0.5 and skewed to the left when p > 0.5. It is symmetric when p = 0.5.

Example 1
The probability that a marksman will hit a target is. He fires 9 shots.
Calculate the probability that he will hit the target:
(i)	At least 7 times
(ii)	No more than 6 times
Solution
Let X be the event that a marksman will hit a target

Taking the nine shots to be independent events, the probability distribution of X, “the number of targets hit” is, and so

(i)	

(ii)

Example 2
Four coins are tossed simultaneously. Find the probability function of the random variable X = “number of heads” and compute the probabilities of obtaining:
(i)	No heads
(ii)	Precisely one head
(iii)	At least one head.

Solution

Taking the four tosses to be independent events, the probability distribution of X, “the number of heads” is, and so


(i)	Probability of obtaining no head =  
(ii)	Probability of obtaining one head =  
(iii)	Probability of obtaining at least one head =  



6.7.	The Poisson distribution
Another important discrete probability distribution is the Poisson distribution.  The distribution describes situations in which customers arrive independently during a certain time interval, and the number of arrivals depends on the length of the time interval. Examples are patients arriving at a health clinic, customers arriving at a bank window, passengers arriving at an airport, and telephone calls going through a central exchange. 
Suppose that X is a random variable that represents the number of individuals who are involved in a motor vehicle accident each year.  If the probability that a particular individual is involved is 0.00024, then technically this is a binomial situation in which there are two distinct outcomes – accident or no accident. When n becomes very large the combination of n objects takes x at a time, n! /x! (n-x)! is very tedious to evaluate. In situations such as this the binomial distribution is well approximated by the Poisson distribution. The Poisson distribution is used to model discrete events that occur infrequently in time or space; thus, it is sometimes called the distribution of rare events.

Consider a random variable X that represents the number of occurrences of some event of interest over a given interval. Since X is a count, it is theoretically able to assume any integer value between 0 and infinity. Let  be a constant that denotes the average number of occurrences of the event in an interval. If the probability that X assumes the value x is,
then X is said to have a Poisson distribution with parameter . The symbol e is a constant that is approximated by 2.71828, it is the base of the natural logarithms. Like the binomial distribution, the Poisson distribution involves a set of underlying assumptions:
· The probability that a single event occurs within an interval is proportional to the length of the interval.
· Theoretically, within a single interval an infinite number of occurrences of the event are possible. We are not restricted to a fixed number of trials. 
· The events occur independently both within the same interval and between consecutive intervals.
Recall that the mean of a binomial random variable is equal to np and that its variance is np(1-p).  When p is very small, 1-p is close to 1 and np(1-p) is approximately equal to np. In this situation, the mean and the variance of the distribution are identical and may be represented may be represented by the parameter . The property that the mean is equal to the variance is an identifying characteristic of the Poisson distribution.
Example 1
Suppose that we are interested in determining the number of people in a population of 10,000 who will be involved in a motor vehicle accident each year. The mean number of persons involved would be
 = np 
   = (10,000) (0.00024)
= 2.4

this is also the variance. The probability that no one in this population will be involved in an accident in a given year is

The probability that exactly one person will be involved is 

Similarly, 






Since the outcomes of X are mutually exclusive and exhaustive, 
P (X  7) = 1 – P(X  7)
=1-(0.0907+0.2177+0.2613+0.2090+0.1254+0.0602+0.0241)
=0.0116
Example 2
Telephone calls arrive at a switchboard at the rate of 50 per hour.
Find the probabilities of 0, 1, or 2 calls arriving in any 5-minute period.

Solution
The average rate of call per 5-minute period =.
If the random variable X is “the number of calls in any 5-minute period”, 
then X is Po (4.17).



Example 3
A college professor, based on his past experience, feels that there is a probability of 0.001 that he will be late to any given class and that being late or not for any class has no effect on whether or not he is late for any other class. 
Then the number of times X that he will be late to his next 100 classes is a binomial random variable with parameters n = 100 and p = 0.001, and the exact probabilities that he is late exactly 0 times and exactly 1 time are, respectively,


Note that in this case n is fairly large and p is rather small so that we would expect the preceding probabilities to be well approximated by those for a Poisson random variable with. The Poisson values are:

 
and the approximation is quite good.
The Normal Distribution
It is the most common continuous distribution also called the Gaussian distribution. Its shape is that of a binomial distribution for which p is a constant but n approaches infinity, or a Poisson distribution for which λ approaches infinity; its probability density is given by the equation

where -∞< x <∞. The symbol π (pi) represents a constant approximated by 3.14159.  The normal curve is unimodal and symmetric about its mean μ (mu); in this special case the, the mean, mode and median of the distribution are all identical. The standard deviation represented by σ (sigma), specifies the amount of dispersion about the mean. Together, the two parameters μ and σ completely define a normal curve.
Many random variables including blood pressure, serum cholesterol level, weight, etc. are approximately normally distributed. The normal curve may thus be used to estimate probabilities that are associated with these variables. For example, in a population in which serum cholesterol level is normally distributed with mean μ and standard deviation σ, we might wish to find the probability that a randomly chosen individual has a cholesterol level greater than 250 mg/100ml. This may be done using a table of areas calculated for the normal curve.

Importance of Normal Distribution
The normal distribution has great significance in statistical work because of the following reasons:
1. The normal distribution has the remarkable property stated in the so-called central limit theorem, which asserts that certain statistics, most important of which is the sample mean and sample variance, tends to be normally distributed as the sample size becomes large.
2. Even if a variable is not normally distributed, it can sometimes be brought to normal form by simple transformation of variable. For example, if distribution of X is skewed, the distribution of  might come out to be normal.
3. Many of the sampling distributions like student’s t, F, etc., also tend to normal distribution as the sample size becomes larger.
4. The sampling distribution and tests of hypothesis are based upon the assumption that samples have been drawn from a normal population with mean and variance.
5. Normal distribution finds large applications in Statistical Quality Control.
6. As n becomes large, the normal distribution serves as a good approximation for many discrete distributions (such as Binomial, Poisson, etc.)
7. In theoretical statistics, many problems can be solved only under the assumption of a normal population. In applied work, we often find that methods developed under the normal probability law yield satisfactory results, even when the assumption of a normal population is not fully met, despite the fact that the problem can have a formal solution only if such a premise is hypothesized.
8. The normal distribution has numerous mathematical properties which make it popular and comparatively easy to manipulate.

Standard Normal Curve
Since a normal distribution could have an infinite number of values for its mean and standard deviation, it is impossible to tabulate the area associated with each and every normal curve. Instead, only a single curve is tabulated called the standard normal distribution. The variate has a normal distribution with mean of zero and a standard deviation of 1. The probability density function of z is given by;


If a random variable X has a normal distribution with mean and standard deviation  then:

has a standard normal distribution. Z is known as a standardized normal variable.
Example 1
Find out the area under the normal curve for z = 1.54.
Solution
If we look to the table, the entry corresponding to z = 1.54 is 0.4382 and this gives the area in the shaded region in following figure between z = 0 and z = 1.54

The normal tables given does not contain entries corresponding to negative values of z. But, since the curve is symmetrical, we can find the area between z = 0 and z = -1.54 by looking up to the area corresponding z = 1.54.

If we wish to cut the area under normal curve to the right of a positive value of z, we should subtract the tabular value from 0.500. The reason is that the normal curve is symmetrical, the area to the right of the mean is 0.500 and the area to the right of a positive value of z is 0.500 minus the tabular value given for z.
Example 2
Find the area to the right of z = 0.25.

Solution
Subtract 0.0987 (the entry given in the table for z = 0.25) from 0.500 getting (0.500 – 0.0987) = 0.4013.

Example 3
A normal curve has and . Find the area between and .
Solution

Where;  

and
Consulting the table, we find the areas corresponding to the z’s are 0.1915 and 0.4772 and thus the desired area between  and  is (0.1915 + 0.4772) = 0.6687.

Example 4
How many workers have a salary between $ 4000 and $ 6500, if the arithmetic mean is
$ 5000, standard deviation is $ 1000 and number of workers is 15,000, if the salary of the worker is assumed to follow a normal distribution?
Solution

Where; 


and
From the table, we find that 34.13% of workers fall between $ 4000 and $ 5000 and 43.32% fall between $ 5000 and $ 6500. 
of workers have a salary between $ 4000 and $ 6500.
Number of workers getting a salary between $ 4000 and $ 6500 is given by:

Example 5
The average daily sales of 500 branch offices were $ 150 thousand and the standard deviation $ 15 thousand. Assuming the distribution to be normal, indicate how many branches have sales between:
(i)	$ 120 thousand and $ 145 thousand
(ii)	$ 140 thousand and $ 165 thousand.
Solution
(i)	Standard normal variate corresponding to 120 is 
and corresponding to 145, the standard normal variate is .
From the table, we find the areas corresponding to the values of z are 0.4772 and 0.1293. 
Therefore, the desired area between $ 120 and $ 145 = 0.4772 – 0.1293 = 0.3479.
Hence, the expected number of branches having sales between $ 120 thousand and $ 145 thousand are 
(ii)	Standard normal variate corresponding to 140 is 
and corresponding to 165, the standard normal variate is 

From the table, we find the areas corresponding to the values of z are 0.2486 and 0.3413. 
Therefore, the desired area between $ 140 and $ 165 = 0.2486 + 0.3413 = 0.5899.
Hence, the expected number of branches having sales between $ 140 thousand and $ 165 thousand are 
Example 6
As a result of tests on 20, 000 electric fans manufactured by a company, it was found that lifetime of the fans was normally distributed with an average life of 2040 hours and standard deviation of 60 hours. On the basis of the information, estimate the number of fans that is expected to run for:
(a)	More than 2150 hours and
(b)	Less than 1960 hours.  
Solution
(a)	X = 2150, 

Area to the right of ordinate at 1.833 = 0.5 – 0.4664 = 0.0336.
The number of fans that is expected to run for more than 2150 hours = 
(b)	X = 1960, 

Area to the left of ordinate at 1.333 = 0.5 – 0.4082 = 0.0918.
The number of fans that is expected to run for less than 1960 hours = 

The Exponential Distribution
The exponential distribution, also called negative exponential distribution, is used in dealing with queuing problems. The exponential distribution often describes the time required to service a customer. The exponential distribution is a continuous distribution. Its probability function is given by:

were
X = random variable (service times)
 = average number of units the service facility can handle in a specific period of time.
e = 2.718 (the base of the natural logarithm)

The expected value and variance of an exponential distribution can be shown to be:
Expected value = = Average service time

Variance = 
For the exponential distribution, the probabilities can be found by using the exponent key on a calculator with the formula below. The probability that an exponentially distributed time (X) required to serve a customer is less than or equal to time t is given by the formula:

The time period used in describing determines the units for the time t. For example, if is the average number served per hour, the time t must be given in hours. If is the average number served per minute, the time t must be given in minutes.
Example
Arnold’s Muffer shop installs new mufflers on automobiles and small trucks. The mechanic can install new mufflers at a rate of about three per hour, and this service time is exponentially distributed. What is the probability that the time to install a muffler would be ½ hour or less?
Solution
X = exponentially distributed service time
 = average number that can be served per time period = 3 per hour
t = ½ hour = 0.5 hour 


[bookmark: _Toc179201712]Mastery  exercise
 
Test your understanding!
 EXERCISE
1. Let A and B be events in S such that .
Evaluate the following;
(i)
2. Let a die be weighted so that the probability of a number appearing when the die is tossed is proportional to the given number. Let 
	(i)	Find the probability of each point.	
	(ii)	Find P (A), P (B) and P (C).	
	(iii)	Find probability that an even or prime number occurs.	
3. In a class of 125 students, 60 students take mathematics, 55 take physics, and 40 take chemistry. 30 of them take physics and mathematics, 15 take chemistry and physics, and 25 take chemistry and mathematics. 10 students take all the three subjects. One student is selected at random from the class. Find the probability that he takes none of the three subjects.
4. A box contains 12 items of which four are defective. Three items are drawn at random from the box without replacement. Find the probability that:
	(i)	All the items drawn are non-defective. 	
	(ii)	The last item drawn is defective.	
5. A box contains 12 items of which four are defective. Three items are drawn at random from the box with replacement. Find the probability that:
	(i)	All the items drawn are non-defective. 	
	(ii)	The last item drawn is defective.	
	(iii)	Only one item drawn is defective.	
6. Two fair dice are rolled one time. Given that the sum of the two numbers that occurred was at least 7, compute the probability that it was equal to i, for 
	i = 7, 8, 9, 10, 11, 12.		
7. Each of three different students, Joe, Hugh, and Rachael, are given the same problem to solve. They work on the problem independently and have probability 0.8, 0.7, and 0.6 of solving it, respectively.
(a) What is the probability that none of them solve the problem?
(b) What is the probability that the problem will be solved (by one or more
(c) of them)?
(d) Granted the problem was solved, what is the probability that the solution is due to Rachael alone?
8. An urn contains 2 black balls and 5 brown balls. A ball is selected at random. If the ball drawn is brown, it is replaced and 2 additional brown balls are also put into the urn. If the ball is black, it is not replaced in the urn and no additional balls are added. A ball is the drawn from the urn the second time. What is the probability that it is brown? Answer: 

9. Suppose that medical science has a cancer-diagnostic test that is 95% accurate on both those who do and those who do not have cancer. If 0.005 of the population actually does have cancer, compute the probability that a particular individual has cancer, given that the test says he has cancer.
Answer: 

10. Two different suppliers, A and B, provide a manufacturer with the same part. All supplies of this part are kept in a large bin. In the past, 5% of the parts supplied by A and 9% of the parts supplied by B have been defective. A supplies four times as many parts as B. Suppose you reach into the bin and select a part, and find it is non-defective. What is the probability that it was supplied by A?
Answer: 
 
	TASKS
	WATCH The Following Videos


 
https://youtu.be/FOqXL9iwqeY
https://youtu.be/NWLFoGCPS1A
 https://youtu.be/9eXzUBgNXDo
https://youtu.be/B1v9OeCTlu0?list=PLvxOuBpazmsOGOursPoofaHyz_1NpxbhA

 
After watching kindly tackle, the quiz that follows
 Attempt all the questions
1. Which of the following is the correct definition of a sample space?
a) A random experiment that has only one outcome
b) The set of all possible outcomes of a random experiment
c) The collection of events that are mutually exclusive
d) A subset of all events
Answer: b) The set of all possible outcomes of a random experiment
2. Suppose event A is the set of students who own no more than 5 pairs of jeans, and event
B is the set of students who own an odd number of pairs of jeans. If events A and B are
mutually exclusive, which of the following is true about their intersection A ∩ B?
a) A∩B is the set of students who own no more than 5 pairs of jeans and an odd number
of pairs
b) A ∩ B = A
c) A ∩ B = ∅
d) A ∩ B = S (the sample space)
Answer: c) A ∩ B = ∅
3. What is the complement of an event A?
a) The set of all outcomes that are in both A and the sample space
b) The set of all outcomes that are not in A
c) The set of outcomes in both A and B
d) The union of A and the sample space
Answer: b) The set of all outcomes that are not in A

 
	
	ACTIVITY 3: PRACTICAL SKILLS


 
 In demonstration of practical use of knowledge acquired. Watch the video the to tackle the question in the discussion forum that follows. https://youtu.be/cNFUI-3g9ZM
Question: A company has bid on two large construction projects. The company president believes that the probability of winning the first contract is 0.6, the probability of winning the second contract is 0.4, and the probability of winning both contracts is 0.2.
1. What is the probability that the company wins at least one
contract?
2. What is the probability that the company wins the first contract but not the second contract?
3. What is the probability that the company wins neither contract?
4. What is the probability that the company wins exactly one
contract
[bookmark: _Toc179201718]ACTIVITY 4: ONLINE DISCUSSION
  In a Discussion forum post your answer in the following Question:
A retail store tracks the likelihood of customers purchasing two specific products. The store estimates that the probability of a customer buying Product X is 0.4, the probability of buying Product Y is 0.3, and the probability of buying both products is 0.1.
• What is the probability that a customer buys at least one of the products?
• What is the probability that a customer buys Product X but not Product Y?
• What is the probability that a customer buys neither Product X nor Product Y?
• What is the probability that a customer buys exactly one of the products?
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Congratulations for successfully going through this module. Keep going! Kindly share your key learning experiences and take-home message?
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Keep the eye on the staircase to reach the next level!


	[bookmark: _Toc179201726]MODULE 5:  Sampling and Estimation Techniques


 INSTRUCTIONAL HOURS: 4, 5 or 6
[bookmark: _Toc179201727] Module Overview
This module provides you with the essential knowledge of sampling techniques, enabling them to collect and analyze data effectively for different research scenarios and apply estimation methods to draw inferences about population parameters for research purposes.
Learning Outcomes
At the end of this module, you will be able to:
1. Describe and design appropriately the sampling and estimation techniques for different research questions
2. Analyze sample data to estimate population parameters and communicate findings based on estimation results
3. Evaluate the reliability and validity of sampling and estimation methods for generalizability of findings
4. Apply advanced sampling and estimation techniques to solve complex real-world statistical and research problems
[bookmark: _Toc179201728]    Learning Activities/Task List
1. Watch Lecture Video[image: Shape

Description automatically generated with low confidence]
2. Review power presentation PDF
3. Watch lecture related videos
4. Complete participation assignment:  Quiz 1
5. Complete personal introduction video
6. Review concept assignment: Quiz 2


[bookmark: _Toc179201729]INSTRUCTIONAL MATERIALS & LEARNING ACTIVITIES 

	TASKS 1
	READING NOTES



SAMPLING THEORY AND DISTRIBUTION
SAMPLING THEORY
Sampling is that part of statistical practice concerned with the selection of a subset of individuals from within a population to yield some knowledge about the whole population, especially for the purposes of making predictions based on statistical inference. 
Population: It’s a complete set of individuals, cases or objects with some observable characteristics.   A census is a count of all the elements in a population.
Sample: A sample is a subset of a particular population. The target population is that population to which a researcher wants to generalize the results of the study. There must be a rationale for defining and identifying the accessible population from the target population.
Sampling: It’s the process of selecting a sample from a population.

Reasons for sampling
The following are some of the reasons why researchers sample and not take the whole population: -
· Cost
· Time: Greater speed of data collection
· Destructive nature of certain tests
· Greater accuracy of results
· Physical impossibility of checking all items in the population.
· Availability of population elements.

Sampling Procedures
There are two major ways of selecting samples;
· Probability sampling methods
· Non - Probability sampling methods

Probability Sampling Methods
Samples are selected in such a way that each item or person in the population has a known (Nonzero) likelihood of being included in the sample.

Types of Probability sampling methods
1. Simple Random Sampling: 
A sample is selected so that each item or person in the population has the same chance of being included. 
Advantages
0. Easy to implement with automatic dialing and with computerized voice response systems.
0. 
      Disadvantages
0. Requires a listing of population elements.
0. Takes more time to implement
0. Uses larger sample sizes
0. Produces larger errors
0. Expensive

1. Systematic Random Sampling: 
The items or individuals of the population are arranged in some manner. A random starting point is selected and then every kth member of the population is selected for the sample.
Advantages
· Simple to design
· Easier to use than the simple random.
· Easy to determine sampling distribution of mean or proportion.
· Less expensive than simple random.
Disadvantages
· Periodicity within the population may skew the sample and results.
· If the population list has a monotonic trend, a biased estimate will result based on the start point.

1.  Stratified Random Sampling: 
A population is   divided into subgroups called strata and a sample is selected from each stratum. After the population is divided into strata, either a proportional or a non-proportional sample can be selected.  In a proportional sample, the number of items in each stratum is in the same proportion as in the population while in a non-proportional sample, the number of items chosen in each stratum is disproportionate to the respective numbers in the population. 
Advantages
· Researcher controls sample size in strata
· Increased statistical efficiency
· Provides data to represent and analyze subgroups.
· Enables use of different methods in strata.
Disadvantages
· Increased error will result if subgroups are selected at different rates
· Expensive especially if strata on the population have to be created.

1. Cluster Sampling:
The population is divided into internally heterogeneous subgroups and some are randomly selected for further study. It is used when it is not possible to obtain a sampling frame because the population is either very large or scattered over a large geographical area. A multi-stage cluster sampling method can also be used.
Advantages 
· Provides an unbiased estimate of population parameters if properly done.
· Economically more efficient than simple random.
· Lowest cost per sample, especially with geographic clusters.
· Easy to do without a population list.
Disadvantages
· More error (Lower statistical efficiency) due to subgroups being homogeneous rather the heterogeneous.

Non - Probability Sampling Methods
It is used when a researcher is not interested in selecting a sample that is representative of the population.
1. Convenience or Accidental Sampling
Involves selecting cases or units of observation as they become available to the researcher e.g. asking a question to the radio listeners, roommates or neighbours.
1. Purposive Sampling
Allows the researcher to use cases that have the required information with respect to the objectives of his or her study e.g. educational level, age group, religious sect etc.
1. Quota Sampling
The researcher purposively selects subjects to fit the quotas identified e.g.
2. Gender: Male or Female.
2. Class Level: Graduate or Undergraduate
2. School: Humanities, Science or human resource development.
2. Religion: Muslim, Protestant, catholic, Jewish.
2. Fraternal affiliation: member or nonmember.
2. Social economic class: Upper, middle or lower.
Advantage
· Widely used by pollsters, marketers and other researchers.
Disadvantages
· It gives no assurance that the sample is representative of the variables being studied.
· The data used to provide controls may be outdated or inaccurate.
· There is a practical limit on the number of simultaneous controls that can be applied to ensure precision.
· Since the choice of subjects is left to field workers, they may choose only friendly looking people.
1. Snow ball sampling
It is used when the population that possesses the characteristics under study is not well known and can be best located through referral networks. Initial subjects are identified who in turn identify others. Commonly used in drug cultures, teenage gang activities, Mungiki sect, insider trading, Mau Mau etc.

SAMPLING DISTRIBUTIONS 
In the field of statistical inference, the statistician is interested in arriving at conclusions concerning a population when it is impossible or impractical to observe the entire set of observations that make up the population. If inferences from the sample to the population are to be valid, then samples selected should be representative of the population. Usually, sampling leads to erroneous inferences concerning the population. Any sampling procedure that produces inferences that consistently overestimate or consistently underestimate some characteristics of the population are said to be biased. To eliminate any possibility of bias in the sampling procedure it is desirable to choose a random sample in the sense that observations are made independently and at random. The most important statistics for measuring the variability of a random sample are the range and the variance. 









The value of the population parameter is always constant i.e. there is only one value of the population mean . However, the sample mean  varies depending on the sample selected and therefore the sample mean () is a random variable. Like other random variables, the sample mean () possesses a probability distribution which is more commonly called the sampling distribution of . The probability of  is called its sampling distribution. It lists the various values the  can assume and the probability for each value of . In general, the probability distribution of a sample statistic is called its sampling distribution. 


The mean and standard deviation of 












The mean and the standard deviation calculated from the sampling distribution of  are called the mean and standard deviation of . Actually, the mean and standard deviation of  are respectively the mean and the standard deviation of the means of all samples of the samples of the same size selected from a population. The standard deviation of  is called the standard error of . The mean and the standard deviation of the sampling distribution of  are denoted by and  respectively. The mean of the sampling distribution of  is always equal to the mean of the population i.e. . The sample mean  is called an estimator of the population mean . When the expected value (mean) of a sample statistic is equal to the value of the corresponding population parameter, that sample statistic is said to be unbiased estimator.











For the sample mean ,  hence  is an unbiased estimator of . The standard deviation of  denoted by  is given by  where .  When  then 



If the condition  does not hold, the finite population correction factor is incorporated so that 

Example 


The mean wage per hour for all 5,000 employees working at a large company is Sh. 1350 with a standard deviation of Sh. 290. Let  be the mean wage per hour for a random of certain employees selected from this company. Find the mean and the standard deviation of  for a sample size of: -
1. 30 		(b) 75 		(c) 200 		(d) 300

The shape of the sampling distribution of  relates to the following two cases: -
1. The population from which samples are drawn has a normal distribution
1. The population from which samples are drawn does not have a normal distribution 

Sampling from a normally distributed population 


When the target population is normally distributed with mean  and standard deviation , then: -
1. 

1. 

 provided that  
1. 

The shape of the sampling distribution of  is normal, whatever the value of 

The spread of the sampling distribution of , decreases as the sample size increases. 

Example 


The mean hourly wage for construction workers is Sh. 1399 and the distribution of hourly wages of all construction workers is normal with a mean of Sh. 1399 and a standard deviation of Sh. 225. Let  be the mean hourly wage of the random sample of certain construction workers. Calculate the mean and standard deviation of  when the sample size is;
(i) 10 		(ii ) 50 	(iii) 1000

Sampling from a distribution that is not normally distributed



In most cases the population of interest is not normally distributed and hence the shape of the sampling distribution of  is inferred from a very important theorem called the central limit theorem (CLT). CLT states that “for a large sample size, the sampling distribution of the sample mean  is approximately normal irrespective of the shape of the population. The mean and standard deviation of the sampling distribution of  are: -
1. 

1. 
 

The sample size is usually considered to be large if . The shape of the sampling distribution is not exactly normally but approximately normal for a large sample size. The approximation becomes more accurate as the sample size increases. 



Note: The CLT applies to large samples only. If  it is considered sufficiently large to apply to CLT. The spread of the sampling distribution of  decreases as the sample size increases.

Illustration 
1. 

The mean rent paid by all tenants in a city is Sh. 9500 with . However, the population distribution of rents in this city is skewed to the right. Calculate the mean and the standard deviation of  when the sample size is 	(a) 30 	(b) 100		(c) 150
2. 
Prices of houses in a city have a probability distribution that is skewed to the right with the mean of Ksh. 157,000 and standard deviation of ksh. 29,500. Let  be the mean price of a sample of 400 houses selected from the city.
Required: -
1. What is the probability that the mean price obtained from this sample will be within Ksh. 3000 of the population mean.
1. What is the probability that the mean price obtained from this sample will be lower than the population mean by Ksh. 2,500 or more?
The mean and variance of the sample proportion 

















The mean of the sample proportion  is denoted and is equal to the population proportion.. is called an estimator of the population proportion . The standard deviation of denoted by is given by where and this is true when . In case , . When  increases decreases and hence is a consistent estimator of the population proportion .

Shape of the sampling distribution of 




According to CLT, the sampling distribution of  is approximately normal for a sufficiently large sample size. In the case of proportions, the sample size is considered to be sufficiently large if  and .
Illustration 
1. 

20% of employees of State Corporation indicates that they are satisfied with their jobs. Assume that the results are true for all working people in state corporations. Let be the proportion in a random sample of 200 employees who hold this view. Find the mean and the standard deviation of .
1. 

According to Steadman research consultancy, approximately 66% of rural Kenyan women are ignorant of family planning methods. Assuming this result applies to entire rural women folk. Let be the proportion of rural women who are ignorant in a random sample of 120 rural women. Find the probability that the value of is between 0.68 and 0.72. 
1. Willy’s cycle cooperation manufactures reams for motor cycles. Reams required to have diameter within specified range otherwise they be destroyed. It is estimated that the machine produces 5% defective reams. An inspection of 110 reams reveals at least 8% to be defective, then the process must be stopped and the machine be re-adjusted. What is the probability that at least 8% of the reams in a sample of 110 will have defective diameters?

ESTIMATION THEORY AND DISTRIBUTION
Sample information is used to shade some light on the population characteristics i.e. we infer population properties based on findings on the sample. Statistical inference falls into two main areas i.e. statistical estimation and hypothesis testing. 
Statistical Estimation: The characteristics of the sample (sample statistic) are used to estimate or approximate some unknown population characteristics. 
Hypothesis testing: The population characteristics are known or assumed. The sample characteristics are used to verify or ascertain this assumed or known population characteristic. 
Estimation is the assignment of values to a population parameter is based on a sample
An estimate is the values assigned to a population parameter based on the value of a sample statistic of the population parameter. 
An estimator is the sample statistic used to estimate a population parameter
Estimation can be undertaken in two forms namely:
· Point estimation 
· Interval estimation
Point estimation


A single value is calculated from sample data to estimate the unknown population parameter. The value of a sample statistic that is used to estimate a population parameter is called a point estimate and the procedure is called point estimation. Thus, a sample mean () can be used as a point estimate of the population mean ().
Qualities of a good estimator
A good estimator is one which is close to the population parameter being estimated. Some of the desirable properties of an estimator are:
1. 



Unbiased: An estimator is a random variable as it is always a function of sample values. Then, if the average of these sample values is equal to the population parameter, then, it is unbiased estimate. An unbiased estimator of a population parameter is an estimator whose expected value is equal to that parameter. Thus, an estimator is said to be unbiased if the expected value of the estimator is equal to the population parameter being estimated, i.e. if you were to take an infinite number of samples, calculate the value of the estimator in each sample, and then average these values, the average value would equal the parameter. If is the parameter being estimated and (read “thetahat”) is an unbiased estimator of, then. 
For example, the sample mean is an unbiased estimator of the population mean, since








  =	
Similarly, consider a problem of estimating p, the population proportion of successes in a binomial distribution.  It can be shown that, if a sample yields x successes is n trials, then the ratio x/n is an unbiased estimate of p.  Since


Therefore, the sample proportion is an unbiased estimator of population proportion.


If the sampling distribution of is such that .


Then the estimator is said to be biased.  The bias is the quantity by which and θ differ.  The sample variance s2 computed with the division constant 1/n is a biased estimator of, because


	Here, the bias is the quantity 


Hence, sample variance is not an unbiased estimator of population variance.  But, if sample variance is computed with a division constant 1/(n-1), then it can be shown that , and therefore s2 is an unbiased estimator of , howsoever small may be the sample size.

1. 



Consistency: an unbiased estimator is said to be consistent if the difference between the estimator and the parameter grows smaller as the sample size grows large. As the sample size increases, the difference between the sample statistic and the population parameter should become smaller and smaller.  If the difference continues to become smaller and smaller as the sample size becomes larger, the sample statistic is said to converge in probability to a parameter is said to be consistent estimator of that parameter.  Symbolically, if θ is a sample statistic computed from a sample of size n and θ is the parameter being estimated.  If for any positive arbitrary d, then  is said to be a consistent estimator of θ. This is true for and s2 which are consistent estimators of µ and respectively.
1. 



Should be efficient: an efficient estimator should have the least variance or least standard error. If the variance of the estimator is small, the distribution of the estimator will be better in that its value will be closer to the parameter value.  This is the notion of efficiency.  Efficiency can be treated as a relative term.  In a sense all estimators are efficient; however, some estimators are more efficient than others.  The efficiency of an estimator depends on its variance.  A measure of relative efficiency can be computed by taking the ratio of the variances of two estimators of interest.  If  is an unbiased estimator of θ, and , represents another unbiased estimator of θ, then the relative efficiency of to is given by


			Relative efficiency = 


For a symmetrical distribution, both the sample mean and sample median are unbiased and consistent estimators of the population mean.  We choose between them on the basis of relative efficiency, we select that one which has the smaller variance.  It can be proved that sample meanis preferred to the sample median as an estimator of µ because is more efficient estimator.  

1. 
Should be sufficient: Developed by a famous statistician, Sir. R.A. Fisher. A sufficient estimator ensures that all information about the population parameter contained in the sample. An estimator is said to be sufficient if it extracts from the sample such an amount of information as no other estimator does.  For example, the sample mean,, is a sufficient estimator of the population mean since all the information in the sample is used in its computation.  On the other hand, sample mid-range is not a sufficient estimator since it is computed by averaging only the highest and lowest values in the sample.
It is desirable that an estimator has all the properties discussed above.  However, in practice, it is not always possible to determine such an estimator.  It may be noted that though the point estimates are easy to use and understand, they cannot tell us how close we are to the true population value when used by themselves.  Even the best point estimate may deviate enough from the parameter value to make the estimate unsatisfactory.

Selecting the sample size to estimate a population mean 
One of the most common questions asked of statisticians is, how large should the sample taken in a survey be? The answer to this question depends on three factors: -
1. The parameter to be estimated 
1. The desired confidence level of the interval estimator 
1. 


The maximum error of estimation, where error of estimation is the absolute difference between the point estimator and the parameter e.g. the point estimator of is  so that the error of estimation 
The maximum error of estimation is also called the error bound and is denoted B. 







Suppose the parameter of interest in an experiment is the population mean. The confidence interval estimator (assuming a normal population, with the population variance known) is . If we want to estimate to within a certain specified bound B, we will want the confidence interval estimator to be . As a consequence, we have . Solving for , we get the following result 






A popular method of approximating is to begin by approximating the range of the random variable. A conservative estimate of is the range divided by 4 i.e. . This produces a larger value of , which results in a larger value of , which then estimates with an interval at least as good as was specified.

Interval estimation
A point estimate may be right or wrong. It does not indicate the degree of error or uncertainty or precision in the estimate. In estimating business parameters an error is an obvious expectation. Therefore, uncertainty should be accommodated in business estimations.
An estimate of a population parameter given by two numbers between which the parameter may be considered lies. Interval estimates indicate the precision or accuracy of an estimate and are, therefore, preferable to point estimates.  Interval estimation includes the degree of error or uncertainty in the estimate. In interval estimation, an interval is constructed around a point estimate and it is stated that this interval is likely to contain the corresponding population parameter. Each interval is constructed with regard to a given confidence level and is called a confidence interval. The interval estimates or a “confidence interval” consists of an upper confidence limit and lower confidence limit and we assign a probability that this interval contains the true population value.
The procedure for constructing a confidence interval;
a. Decide how much confidence you want that this interval will contain the population value, say 95% confidence.  This is known as a “95 per cent confidence level.”
b. 


Determine the width of a confidence interval. This depends on the size of the maximum error which depends on the values of  and . However, the value of is not within the control of the researcher, hence the width of CI depends on: 
1. The value of Z which depends on the confidence level
1. 
The sample size 
The confidence level determines the value of Z which in turn determines the size of the maximum error. Z value increases as the CL increases and vice versa. The higher the CL, the wider / larger the width of the confidence interval, other things remaining the same. An increase in the sample size decreases the width of the confidence interval. Therefore, if we want to decrease the width of the confidence interval, there are two choices: -
1. Lower the confidence level 
1. Increase the sample size
However, lowering the confidence level is not a good choice because a lower confidence may give less reliable results. Therefore, we prefer to increase the sample size if we wish to decrease the width of a confidence interval. 

Confidence interval for the population mean is computed by 


CI= or 	
Where Z depends on the level of confidence.
The standard error of the mean when: -
· 
population standard deviation known is given by 	
· 
based on the sample standard deviation is given by 	
Confidence Limits for Population Mean
Confidence limits for estimation of population mean µ are given by sample statistic ± zc (S.E.) where zc is critical value of z.  

95% confidence limit for estimation of the population mean µ is given by; CI= ;


where lower confidence limit = L = and upper confidence limit =.

Similarly, 99% confidence limits will be given by: 

More generally, the confidence limits are given by: CI=,
Where zc depends on the particular level of confidence desired.  
However, this is true in case where sampling is from an infinite population or, if sampling is with replacement from a population of finite size N then confidence limits are given by:

CI=
Example 1
The quality department of a wire manufacturing company periodically selects a sample of wire specimens in order to test for breaking strength.  Past experience has shown that the breaking strengths of a certain type of wire are normally distributed with standard deviation of 200kg.  A random sample of 64 specimens gave a mean of 6,200 kg.  The quality control supervisor wanted a 95 per cent confidence interval for the mean breaking strength of the population.
Solution
The zc value corresponding to a confidence coefficient of 0.95 is 1.96.  Therefore, the limits are:

		
Hence, the 95 per cent confidence limits are 6151 to 6249.
Example 2
A manager wants an estimate of average sales of salesman in his company.  A random sample of 100 out of 500 salesmen is selected and average sales are found to be $ 750 (thousand).  If population standard deviation is $ 150 (thousand), manager specifies a 98% level of confidence.  What is the interval estimate for average sales of salesman?
Solution


Here N = 500, n = 100, and.
The confidence limits are given by:


Thus, it can be stated with 98% level of confidence, that the population mean falls within the interval $ 718720 to $ 781280.

Confidence interval for a population proportion
A point estimate for the population proportion is found by dividing the number of successes in the sample by the number sampled.

The confidence interval for a sample proportion is 	

Where;		sample proportion

		Standard normal value for the degree of confidence selected 

		is the sample size
If sampling is from an infinite population, or if sampling is with replacement from a finite population, the confidence limits for the population proportion are given by: -

	
Where p is the proportion of success in the sample of size n.
If we are interested in calculating the 95% confidence limits for the population proportion, they would be given by:

		

Example 3
The Human Resource director of a large organization wanted to know what proportion of all persons who had ever been interviewed for a job with his organization had been hired.  He was willing to settle for 95 per cent confidence interval.  A random sample of 500 interview records revealed that 76 or 0.152 of the persons in the sample had been hired.
Solution
The 95 per cent confidence interval for the population proportion is given by:


Hence, the required proportion varies between 0.121 and 0.184.
Example 4
Out of 20,000 customers’ ledger accounts, a sample 600 accounts was taken to test the accuracy of posting and balancing wherein 45 mistakes were found.  Assign limits within which the number of defective cases can be expected at 95% level of confidence.
Solution
We are given that

n= 600, p = proportion of mistakes = , q = 1 – p = 1 – 0.075 = 0.925	
Therefore, 95% confidence limits are given by

	
Hence, it is expected that the number of mistakes would vary between 5.3% and 9.7% at 95% level of confidence.  Here, the number of defective cases in a lot of 20,000 are expected to be between 20,000 x 0.053 and 20,000 x 0.097 or 1060 and 1940.

Confidence interval of the difference between two population means ()



When two independent random samples of n1>30 and n2> 30 are taken then the sampling distribution of the difference of the two-sample means () is approximately normal with meanand standard deviation . 

Given the confidence coefficient, the approximate confidence limits for  may be expressed as follows:
For the population


For the samples



Example 
A sample of 150 items from machine A had an average life of 1,400 hrs.  A similar sample of 100 items from machine B had a mean life of 1,200 hrs.  Past records indicate that the standard deviation of the items produced by machine A is 120 hrs. and by machine B is 80 hrs. Find the 95% confidence limits on the difference in the average lifetimes of the populations of the items produced by the two machines.
Solution
The 95 per cent confidence limits are given by


Hence, the 95% confidence limits are 175.304 to 224.696 for the difference in the average lifetime of the items produced by the two machines A and B.

Confidence interval of the difference between two population proportions
The confidence limits for the difference of two population proportions, where the population are infinite, are given by:


Where 	(p1 – p2) = difference of proportions, and

		= standard error of the difference of two proportions given by:


Therefore,



Determination of a Proper Sample Size
Thus far we have calculated the confidence intervals based on the assumption that the sample size n is known.  In most of the practical situations, generally, it is not known.  Instead, one may prefer to specify the width of the interval and use this information to solve for n.  The method of determining proper sample size, n is given for the following two cases:
(a)	Sample size for estimating a population mean


The confidence interval formula is given by CI =or

Where;   is the maximum allowable sampling error, i.e., difference between the population mean and the sample mean.



or		or 
Here, both the values of zc and E must be specified by the researcher, the value of the population may be actual or estimated.


Example 6
A cigarette manufacturer wishes to use a random sample to estimate the average nicotine content.  The sampling error should not be more than one milligram above or below the true mean, with a 99 per cent confidence coefficient.  The population standard deviation is 4 milligrams.  What sample size should the company use in order to satisfy these requirements.
Solution
Here E = 1, zc= 2.58 and s = 4

Sample size formula is .
Substituting the values, we get

	
Hence, the required sample size is n = 107 which the company should use for their requirement to be fulfilled.

(b)	Sample Size for estimating a population proportion
The confidence interval formula for proportion is given by

	
Using E to represent the maximum allowable sampling error, we may write the above equation as
		p ± E
where E is the difference between the sample proportion and the population proportion.

Now

Solving for n, we get    
where the values of zc and E are predetermined.  The value of population proportion p may be actual or estimated from the past experience.
Example 7
A firm wishes to estimate with a maximum allowable error of 0.05 and a 98 per cent level of confidence, the proportion of consumers who prefer its product.  How large a sample will be required in order to make such an estimate if the preliminary sales reports indicate that 25 per cent of all consumers prefer the firm’s product?


Solution
Here E = 0.05, p = 0.25, andzc= 2.33

	, we get

	
Hence, the required sample size n = 407
Selecting the sample size to estimate a population proportion 
The sample size necessary to estimate p is   



END OF MODULE ASSESSMENT
Test your understanding!
Exercises
1. A study involves selecting a random sample of 256 sales representatives under the age of 35. One item of interest is their annual income. The sample mean is Sh. 55,420 and the sample standard deviation is 2050.
1. What is the point estimate?
1. What is the 95% confidence interval for the population mean rounded to the nearest Sh. 10?
2. A bank wishing to determine the average amount of time a customer must wait to be served took a random sample of 100 customers and found that the mean waiting time was 7.2 minutes. Assuming that the population standard deviation is known to be 15 minutes, find the 90% confidence interval estimate of the mean waiting time for all the bank’s customers. 
3. 

A production manager would like to estimate the mean time required for workers to complete a task on an assembly line. Assume that she knows that is 80 seconds. How large a sample should she draw to estimate  to within 5 seconds with;
 (i) 90% confidence (ii) 95% confidence (iii) 99% confidence 
4. 


Find , given that we want to estimate  to within 10 units with 95% confidence, assuming that 
5. The operations manager of a large production plant would like to estimate the average amount of time a worker takes to assemble a new electronic component. After observing a number of workers assembling similar devices, she noted that the shortest time taken was 10 minutes and the longest time taken was 22 minutes. How large a sample of workers should she take if she wants to estimate the mean assembly time to within 20 seconds? Assume that the confidence level is to be 99%. 
6. 
Determine the sample size necessary to estimate  to within 10 units with 99% confidence. We know that the range of the population is 200 units.
7. A market survey was conducted to estimate the proportion of homemakers who would recognize the brand name of a cleanser based on the shape and colour of the container. Of the 1400 homemakers, 420 were able to identify the brand name. Using the 99% degree of confidence, calculate the confidence interval of the population proportion.
8. Suppose the Nation TV network is considering replacing one of its prime-time dramas with a new family-oriented comedy. Before a final decision is made a random sample of 400 prime time viewers is conducted. After seeing a preview of the comedy, 250 indicated that they would watch it.
a. What is the point estimate of the proportion of viewers in the population who will watch the new show?
b. Develop a 95% confidence interval for the proportion of viewers who will watch the new show.
9. 
The results from a sample taken , find the point estimates of the following:
1. 
The mean 
1. 
The variance 
1. The standard deviation
1. The standard error of the sample mean
10. A manufacturing company operates two factories A and B. The company wishes to establish the difference between the average daily production levels of the two factories. The following data was obtained for this purpose: -



	Factory 					
	A		2600		182		38
	B		1980		150		32	

Estimate  at: -
i. 90% Confidence level 
ii. 95% Confidence level 
iii. 99% Confidence level
11. In a public opinion survey, 60 out of a sample of 100 high-income voters and 40 out of a sample of 75 low-income voters supported a decrease in sales tax. Estimate the differences in proportions with: - 
i.  90% Confidence level
ii. 95% Confidence level 
iii. 99% Confidence level
12. The manager of a bank feels that 35% of branches will have enhanced yearly collection of deposits after introducing a hike in interest rate. Determine the sample size such that the mean proportion is within plus or minus 0.06 at a confidence level of; (i) 90% (ii) 95% and (iii) 99%. 
13. 
How large a sample should be taken in order to estimate to within 0.01 with 95% confidence? assume that
1. 
You have no information about the value of 
1. 
is believed to be approximately 0.10
1. 
is believed to be approximately 0.90
14. The director of a management school feels that 55% of students will have enhanced performance if additional input is given to them. Determine the sample size such that the mean proportion is within plus or minus 0.10 at a confidence level of 95%.


[bookmark: _Toc179201731]ACTIVITY 3: PRACTICAL SKILLS
	VIDEO 1: Demonstration of practical use of knowledge acquired

This video explains the non-probabilistic sampling techniques. go through it. It will give you more insight to non-probability sampling. You will now be able to undertake the quiz with ease. 
https://www.youtube.com/watch?v=Cl2uZGGL-_U&list=PL41ckbAGB5S3nkUXWqsXmETLtO91wucx8&pp=iAQB

https://youtu.be/-kwdXEXC7yE

[bookmark: _Toc179201733]ACTIVITY 4: ONLINE DISCUSSION
	Use chats, forum, question/answer, message my teacher to engage others.

Discuss the following questions in your groups and come up with possible control over sampling errors, non-sampling errors and bias in research.
Discussion Question 1
A company is conducting a survey to assess customer satisfaction with its new product. They select a sample of customers who recently made a purchase from their online store and send them a satisfaction survey. After analyzing the responses, they find that the average satisfaction score is significantly higher than expected.
1. Possible Sampling Errors: What are some potential sampling errors that could have occurred in this scenario? How might the sample not represent the entire customer base accurately?
2. Non-sampling Errors: What non-sampling errors might have influenced the survey results? Consider factors such as data recording or response accuracy.
3. Bias: What types of bias could be introduced by selecting only customers who made
recent online purchases? How might this affect the overall satisfaction estimate?
Discussion Question 2
A market research firm is tasked with estimating the average annual spending of consumers on electronics. They use a judgment sampling method, where researchers select individuals who they believe are typical electronics buyers based on their appearance and behavior at a shopping mall.
1. Possible Sampling Errors: What are the potential sampling errors associated with this
method of selecting participants? How might this sampling method impact the accuracy
of the estimate?
2. Non-sampling Errors: What non-sampling errors could arise from this judgment-based
sampling approach? Think about errors related to data collection and reporting.
3. Bias: What types of bias are likely in this scenario? How might the selection process
based on appearance and behavior at the mall affect the representativeness of the sample and the resulting estimate of annual spending?
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[bookmark: _Toc179201741]Take Home Message
Congratulations for successfully going through this module. Keep going! Kindly share your key learning experiences and take-home message?
[bookmark: _heading=h.i2zrpj3e33th] 
[bookmark: _Toc179201742]  What’s Next?
Keep the eye on the staircase to reach the next level!

	[bookmark: _Toc179201743]MODULE 6:  Hypothesis Testing


 INSTRUCTIONAL HOURS: 4, 5 or 6
[bookmark: _Toc179201744] Module Overview
This module explores the principles and applications of hypothesis testing which is a fundamental statistical method used in business analysis. You will gain a deep understanding of the concepts, procedures, and interpretations involved in hypothesis testing, enabling you to make informed, data-driven decisions in various business contexts.
[bookmark: _heading=h.fpffsj1icf4t]Learning Outcomes
At the end of this module, you will be able to:
1. Define key concepts related to hypothesis testing, such as null hypothesis, alternative hypothesis, Type I and Type II errors, test statistics, and p-values.
2. Formulate appropriate null and alternative hypotheses for various research questions or scenarios
3. Apply hypothesis testing procedures to analyze data for various statistical tests
4.  Interpret the results of hypothesis tests for various decision made during the testing process.

[bookmark: _Toc179201745]    Learning Activities/Task List
1. Watch Lecture Video[image: Shape

Description automatically generated with low confidence]
2. Review power presentation PDF
3. Watch lecture related videos
4. Complete participation assignment:  Quiz 1
5. Complete personal introduction video
6. Review concept assignment : Quiz 2


[bookmark: _Toc179201746]INSTRUCTIONAL MATERIALS & LEARNING ACTIVITIES 

	TASKS
	READING NOTES


START OFF REFLECTION ON HYPOTHESIS
Hypothesis testing is not merely a technical procedure; it is a fundamental tool for decision-making in scientific research and many fields of practice. At its core, hypothesis testing is about making inferences from data—deciding whether the patterns we observe in a sample can be generalized to the larger population, or whether these patterns could have arisen by chance alone. This process underpins much of empirical research and evidence-based decision-making in fields ranging from medicine to economics to engineering.
As we embark on this module, we should reflect on the importance of critical thinking in the hypothesis testing process. While the technical steps involve statistical formulas, the true power of hypothesis testing lies in its ability to frame our questions clearly, test assumptions
rigorously, and interpret results thoughtfully. Every decision whether to accept or reject a hypothesis has implications, and thus, understanding the nuances of errors, test statistics, and the meaning of p-values becomes paramount.
In today’s data-driven world, hypothesis testing provides a structured way to discern meaningful information amidst uncertainty. As we move through this module, we will not only delve into various statistical tests but also cultivate a mindset that values inquiry, skepticism, and evidence-based reasoning. These are essential skills not just for statisticians but for anyone who seeks to understand and apply data to real-world problems.
Let us start this journey with an open mind, recognizing that hypothesis testing is both a science and an art disciplined way to test ideas while embracing the complexity and variability inherent in data.
HYPOTHESIS TESTING
Hypothesis: It’s a statement about a population parameter developed for the purpose of testing.
Hypothesis testing: It’s a procedure based on sample evidence and probability theory to determine whether the hypothesis is a reasonable statement.
Hypothesis testing is a fundamental concept in statistics that involves making decisions or inferences about population parameters based on sample data. In research, hypotheses are formulated to test assumptions or claims about the population. The process involves setting up two competing hypotheses and using sample data to decide which one is more plausible.
Hypothesis testing is a fundamental concept in statistics that involves making decisions or inferences about population parameters based on sample data. In research, hypotheses are formulated to test assumptions or claims about the population. The process involves setting up two competing hypotheses; the null hypothesis (H0) and the alternative hypothesis (H1), and using sample data to decide which one is more plausible.
A hypothesis test evaluates whether the data provides enough evidence to reject the null hypothesis in favor of the alternative hypothesis, or whether the data is consistent with the null hypothesis. Hypothesis testing is widely applied across many fields such as medicine, economics, and engineering, helping researchers make informed decisions about their study results.
Procedure for Formulating and testing a hypothesis
Formulating hypotheses is a crucial step in the hypothesis testing process. A hypothesis is a statement or claim about a population parameter that we want to test using sample data. The goal is to determine whether there is enough evidence in the sample to support or reject the hypothesis. The fundamental steps in hypothesis testing include:
1. Formulate the null hypothesis (HO) and alternate hypothesis (HA = H1) i.e., Identify the Research Question: Determine what you want to investigate by stating that there is no effect or no difference (H0) or that there is an effect or a difference (H1).
· Null Hypothesis (H0): It is a statement about the value of a population estimate suggesting that there is no effect or no difference in the sample statistic and population parameter. It is the default or starting assumption. It should be stated as “There is no significant difference between ………”. It should always contain an equal sign. For instance, a clinical trial or tossing a fair coin.
· In a clinical trial, the null hypothesis might state that a new drug has no effect compared to a placebo. For the drug example, it could be: H0: The new drug has no effect compared to the placebo
· In testing whether a coin is fair, the null hypothesis would be that the probability of heads is 0.5. Mathematically, we state this as: H0: p = 0.5
· Alternative Hypothesis (H1): The alternative hypothesis is a statement that contradicts the null hypothesis. It is a statement that is accepted if sample data provide enough evidence that the null hypothesis is false. It is what we aim to support with evidence from the data. The alternative hypothesis represents the presence of an effect or difference.
· In a clinical trial, the alternative hypothesis indicate that a new drug has an effect or difference. compared to the placebo. H1: The new drug has an effect compared to the placebo.
· In the same coin-tossing experiment, the alternative hypothesis would be that the coin is biased. This could be stated as: H1: p ̸= 0.5
NB:  Make Sure Hypotheses are Mutually Exclusive and Exhaustive: Ensure that the hypotheses cover all possible outcomes and that one can be true only if the other is false.
2. Select the standard level of significance (α); (commonly α = 0.05). The significance level (α) is the probability of rejecting the null hypothesis when it is actually true (Type I error). It is designated by  and should be between 0 and 0.1. i.e., α = 1% (0.0010, 5% (0.05) and 10% (0.1)
• α = 0.05: There is a 5% risk of rejecting the null hypothesis incorrectly.
• α = 0.01: There is a 1% risk of rejecting the null hypothesis incorrectly.
Example: If α = 0.05, there is a 5% chance of making a Type I error (rejecting H0 when it is true).
Types of errors that can be committed
i. Type I Error: Occurs when we reject the null hypothesis when it is actually true. This error is also known as a false positive or alpha error. The probability of making a Type I error is denoted by α, which is often referred to as the significance level of the test. In practice, researchers choose α before conducting the test, with common values being 0.05 or 0.01.
ii. Type II Error: Occurs when we fail to reject the null hypothesis when it is actually false. This error is also known as a false negative or beta error. The probability of making a Type II error is denoted by β. The power of a test, which is 1 - β, measures the test’s ability to correctly reject a false null hypothesis.
	Null hypothesis
	Do not reject HO
	Reject HO

	HO is True
	Correct decision
	Type I error

	HO is false
	Type II error
	Correct decision


3. Identify the test statistic
A test statistic is the statistic that will be used to test the hypothesis e.g. . The test statistic is a standardized value calculated from sample data, which is used to determine whether to reject the null hypothesis. The form of the test statistic depends on the type of hypothesis test being conducted.
The choice of hypothesis test depends on the type of data and the sample size. Common statistical tests include:
• Z-test: Used when the population variance is known and the sample size is large.
• T-test: Used when the population variance is unknown and the sample size is small.
• Chi-square test: Used for categorical data.
• ANOVA: Used to compare means across multiple groups.
• Non-parametric tests: Used when data doesn’t follow normality.
The test statistic is calculated based on the sample data and the selected test. It is a standardized value used to compare with the critical value or to compute the p-value.
Example
Z-test for a sample mean:
[image: ]Where: 
 ¯x is the sample mean,
 µ is the hypothesized population mean, 
σ is the population standard deviation, and
 n is the sample size.
4. Formulate a decision rule and identify the rejection region
 A decision rule is a statement of the conditions under which the null hypothesis is rejected and the conditions under which it is not rejected. The region or area of rejection defines the location of all those values that are so large or so small that the probability of their occurrence under a true null hypothesis is rather remote.
5. Collecting and analyzing sample data


6. Compute the value of the test statistic
The value of the test statistic is determined from the sample information, and is used to determine whether to reject the null hypothesis or not.
7. Determine the Critical Value or P-value and Make a Decision
• Critical value approach: Compare the computed test statistic to the critical value obtained
from the statistical distribution (e.g., Z, t, or Chi-square distribution).
– If the test statistic exceeds the critical value, reject H0.
– If the test statistic is within the critical region, do not reject H0.
For example; For a two-tailed Z-test with α = 0.05, the critical values
are Z = ±1.96. If your computed |Z – test statistic| > ±1.96, reject H0.

• P-value approach: The p-value is the probability of observing a test statistic as extreme as,
or more extreme than, the value observed, assuming that H0 is true.
– If the p-value is less than or equal to the significance level α, reject H0.
– If the p-value is greater than α, do not reject H0.
For instance, if your test gives a p - valueof0.03 < α = 0.05, reject H0 because 0.03 is less than 0.05.
NB: p-value: The p-value helps us understand how likely our results are, assuming the null hypothesis is true. Specifically, it tells us the probability of seeing results as extreme or more extreme than what we observed, just by random chance. A smaller p-value means that it is less likely that we would see such extreme results if the null hypothesis were true. Generally, if the p-value is smaller than a threshold we set (often α = 0.05), we conclude that our results are significant and reject the null hypothesis.

8.  Making a decision/ conclusion based on the p-value or critical value.
Based on the comparison of the test statistic or p-value with the critical value or significance level:
• If you reject the null hypothesis, conclude that there is sufficient evidence to support the
alternative hypothesis.
• If you fail to reject the null hypothesis, conclude that there is not enough evidence to support
the alternative hypothesis.
Example: If the p-value is 0.02 and α = 0.05, you would reject the null hypothesis and conclude that the average weight of the products is significantly differen
One-tailed and Two-tailed tests
· A test is one tailed when the alternate hypothesis states a direction e.g. 
Ho: 	The mean income of women is equal to the mean income of men
HA:  	The mean income of women is greater than the mean income of men

· A test is two tailed if no direction is specified in the alternate hypothesis 
Ho: 	There is no difference between the mean income of women and the mean income of   men
HA:  	There is a difference between the mean income of women and the mean income of   men


QUIZ/QUESTIONS
After reading through the notes, you can now undertake the quiz below.
1. What does the null hypothesis (H0) state?
(a) There is a significant effect or difference
(b) There is no effect or no difference
(c) The data supports the alternative hypothesis (d) The p-value is greater than the significance level
Answer: B) There is no effect or no difference
2. Which of the following represents a Type I error?
(a) Failing to reject the null hypothesis when it is false
(b) Rejecting the null hypothesis when it is true
(c) Rejecting the alternative hypothesis when it is true
(d) Failing to reject the null hypothesis when it is true
Answer: B) Rejecting the null hypothesis when it is true
3. If the null hypothesis is true, what does a p-value less than the significance level (α)
indicate?
(a) Strong evidence against the null hypothesis (b) Weak evidence against the null hypothesis (c) No evidence to support the alternative hypothesis (d) The null hypothesis is correct
Answer: A) Strong evidence against the null hypothesis 4. What is a Type II error?
(a) Rejecting the null hypothesis when it is actually true (b) Failing to reject the null hypothesis when it is actually false (c) Correctly rejecting the null hypothesis
(d) Correctly failing to reject the null hypothesis
Answer: B) Failing to reject the null hypothesis when it is actually false
5. In the context of hypothesis testing, which of the following is true if the test statistic
is large?
(a) There is strong evidence against the null hypothesis (b) The p-value is greater than the significance level (c) The null hypothesis is automatically accepted (d) The Type I error probability increases
Answer: A) There is strong evidence against the null hypothesis
TESTING THE POPULATION MEAN WHEN THE POPULATION VARIANCE IS KNOWN
· When the population variance is known and the population is normally distributed, the test statistic for testing hypothesis about  is  .
Estimating the population mean when the population variance is known
The confidence interval estimator of  when  is known is 
	  
The P-value in hypothesis testing
· The P value of a test is the smallest vale of  that would lead to the rejection of the null hypothesis. It is the probability of observing a sample value as extreme as or more extreme than, the value observed, given that the null hypothesis is true. The P-value is an important result because it measures the amount of statistical evidence that supports the alternate hypothesis.
Summary of the calculation of the P-Value
If 	 P- Value  = 
	 P- Value  = 
	 P- Value  = 
Interpretation of the P-Value
· A small P-value indicates that there is ample evidence to support the alternate hypothesis.
· A large P-value indicates that there is little evidence to support the alternative hypothesis.
Examples
1. A major portion of waiters and waitresses’ incomes is derived from tips. This income of course, must be reported on income tax forms. Government tax auditors assume that the average weekly total of tips is Sh.1000.  A recently hired tax accountant who formerly worked as a waitress believes that this figure underestimates the true total. As a result, she has investigated the weekly tips of a randomly selected group of 150 waiters and waitresses and has found out the mean to be Sh. 1040. Assuming that the population standard deviation is Sh. 220. Calculate the P-value of the test to determine whether there is enough evidence to support the accountant’s assertion.
2. Determine the P-value of the following test
· 

		(Answer: 0.0665)

TESTING THE POPULATION MEAN WHEN THE POPULATION VARIANCE IS UNKNOWN
· When the population variance is unknown and the population is normally distributed, the test statistic for testing hypothesis about  is  which has a student t distribution with degrees of freedom.
· 
· We now have two different test statistic for testing the population mean. The choice of which one to use depends on whether or not the population variance is known.
· [bookmark: _Hlk179586469]If the population variance is known, the test statistic is 

· If the population variance is unknown, the test statistic is    

Estimating the population mean when the population variance is unknown
The confidence interval estimator of  when  is unknown is 
	  

Testing the population proportion

The sample proportion is a approximately normally distributed, with mean  and standard deviation , provided that is large (  and ). Since is approximately normal, it follows that the standardized variable is approximately standard normally distributed. The null and alternate hypotheses of tests of proportions are set up in the same way as the hypothesis of tests about mean and variance.  The test statistic for  is 
Confidence interval estimator of  is  
INFERENCE ABOUT A POPULATION VARIANCE
Variance can be used to describe a number of different situations e.g. 
· In Quality control, engineers must ensure that products coming out of a production line meets specifications such as size, weight, volume etc.
· In finance, the variance of the returns on a portfolio of investments is a measure of the uncertainty and risk inherent in a portfolio.
The sample variance is an unbiased, consistent estimator of the population variance.

 Chi-square sampling distribution
In repeated sampling from a normal population whose variance is , the variable  is chi-square distributed with (n-1) degrees of freedom. The variable  is called the chi-square statistic and is denoted by . The  variable can equal any value between 0 and x. 

Chi-square notation
The value of such that the area to its right under the chi-square curve is equal to and is denoted by . The value is the point such that the area to its right is . Hence , the area to its left is .

Testing the population variance
Test statistic for 
The test statistic used to test hypothesis about  is  which is chi-square distributed with (n-1) degrees of freedom, provided the population random variable is normally distributed.

Estimating the population variance 
The confidence interval estimator of  is 
			

INFERENCE ABOUT THE DIFFERENCE BETWEEN TWO MEANS WHEN THE POPULATION VARIANCES ARE KNOWN
Sampling distribution of  when  and  are known.
·  is normally distributed if the populations that have been sampled are normal. If the populations are not normal,  is approximately normal if the samples are large. 
· The expected value of  is E () = 
· [bookmark: _Hlk179180475]The standard deviation of  is  		

It then follows that 
		

The test statistic for  when  and  are known is


Confidence interval estimator of  when  and  are known is


Example
The selection of a new store location depends on many factors, one of which is the level of household income in areas around the proposed site. A large departmental store chain is trying to decide whether to build a new store in Nakuru or in the nearby city of Nairobi. Building costs are lower in Nairobi and the company decides it will build there unless the average household income is higher in Nakuru than in Nairobi. In a survey of 100 residences in each of the cities, the mean household was Sh. 29,980 in Nakuru and Sh. 28,650 in Nairobi. From other sources, it is known that the population standard deviations of households’ incomes are Sh. 4,740 in Nakuru and Sh. 5,365 in Nairobi. 
 (a) At the 5% significance level, can it be concluded that the mean household income in Nakuru exceeds that of Nairobi?
 (b) Estimate with 90% confidence level, the difference in means between the mean household income in Nakuru and that of Nairobi?

INFERENCE ABOUT THE DIFFERENCE BETWEEN TWO MEANS WHEN THE POPULATION VARIANCES ARE UNKNOWN
The test statistic for  when  and  are unknown and  and  is 


Confidence interval estimator of  when  and  are unknown and  and  is 



The test statistic for  when  and  are unknown and  and  is 

 where 

The test statistic is student t distributed with  degrees of freedom, provided that the following conditions are satisfied:
· The two population random variables () are normally distributed
· The two population variances are equal i.e. 
The quantity is called the pooled variance estimate.

Confidence interval estimator of  when  and  are unknown and  and  is 


Inference about the difference between two populations
Sampling distribution of 
1. The statistic  is approximately normally distributed provided the sample sizes are large enough so that 
2. The mean of  is 
3. The variance of  is 

Test statistic for : Case 1
If the null hypothesis specifies that the test statistic is 


Test statistic for : Case 2
If the null hypothesis specifies that where the test statistic is 


INFERENCE ABOUT THE RATIO OF TWO VARIANCES
If samples of sizes and are drawn from two normal populations, with variances  and , the test statistic is  where  and  are sample variances created by repeated sampling following a distribution known as the distribution.

The distribution
Variables that are distributed range from zero to infinity. The exact shape of the is determined by two sets of degrees of freedom;  degrees of freedom associated with the numerator, which in this case is  and  degrees of freedom associated with the denominator, which in this case is . 

Testing the ratio of two population variances
· If we want to determine if there is enough evidence to conclude that the two variances are different, we specify the alternate hypothesis as  . The rejection region is  or .
· To decide if the variance of population 1 is larger than the variance of population 2, we test . We reject the null hypothesis in favour of the alternate hypothesis if .
· If we want to infer that the variance of population 1 is less than that of population 2, we specify . The rejection region is .
The test statistic is . However, since under the null hypothesis, we always test , we can simplify the test statistic as .
Therefore the test statistic for  is
 which is distributed with  and degrees of freedom, provided that the two populations are normal.

The confidence interval estimator of  are 
			
Chi-square test of a multinomial experiment (Goodness-of-fit test)
 A multinomial experiment is a generalized version of a binomial experiment that allows for more than two possible outcomes on each trial of the experiment.
Properties of a multinomial experiment
· The experiment consists of a fixed number of trials.
· The outcome of each trial can be classified into exactly one of categories called cells
· The probability  that the outcome of a trial will fall into a cell  remains constant for each trial, for  moreover, .
· Each trial of the experiment is independent of the other trials.

Test statistic


Rejection region 

Example
Two companies A and B have recently conducted aggressive advertising campaigns in order to maintain and possibly increase their respective shares of the market for a particular product. These two companies enjoy a dominant position in the market. Before advertising campaigns began, the market share for Company A was 45% while Company B had a market share of 40%. Other competitors accounted for the remaining market share of 15%. To determine whether these market shares changed after the advertising campaigns, a marketing analyst solicited the preferences of a random sample of 200 consumers of this product. Of the 200 consumers, 100 indicated a preference for Company’s A’s product, 85 preferred Company’s B product and the remainder preferred one or another of the products distributed by other competitors. Conduct a test to determine at the 5% level of significance, whether the market shares have changed from the levels they were at before the advertising campaigns occurred. 

Rule of five
For the discrete distribution of the test statistic  to be adequately approximated by the continuous chi-square distribution, the conventional rule is to require that the expected frequency for each cell be at least 5. Where necessary, cells should be combined in order to satisfy this condition. The choice of cells to be combined should be made in such a way that meaningful categories result from the combination.

MASTERY EXERCISE
 
Test your understanding!

1.  The manager of a departmental store is thinking about establishing a new billing system for the stores credit customers. After a thorough financial analysis, she determines that the new system will not be cost effective if the average monthly account is less than 70,000. A random sample of 200 monthly accounts is drawn, for which the mean monthly account is Sh. 66,000. With  = 0.05, is there sufficient evidence to conclude that the new system will not be cost effective? Assume that the population standard deviation is Sh. 30,000.
2. Past experience indicates that the monthly long distance telephone bill per household in a particular community is normally distributed, with a mean of Sh. 1012 and a standard deviation of Sh. 327. After an advertising campaign that encouraged people to make long distance telephone calls more frequently, a random sample of 57 households revealed that the mean monthly long-distance bill was Sh. 1098. Can we conclude at the 10% significance level that the advertising campaign was successful?
3. Determine the P-value of the following test

		(Answer: 0.0665)
4. local deliveries. A random sample of the amount of time this courier takes to deliver packages to an address across town produced the following times (rounded to the nearest hour).
7, 3, 4, 6, 10, 5, 6, 4, 3, 8
i. Is there sufficient evidence to support the courier’s advertisement at the 5% level of significance?					 
ii. Find the 99% confidence interval estimate of the mean delivery time.	
iii. What assumption must be made in order to answer part (i) and (ii) above.

5. In a random sample of 100 units from an assembly line, 22 were defective. 
 (a) Does this provide sufficient evidence at the 10% significance level to allow us to conclude that the defective rate among all units exceeds 10%?
 (b) Find the p-value of the above test.

	
	ACTIVITY 3: PRACTICAL SKILLS
VIDEO TO WATCH


To Demonstration of practical use of knowledge acquired 
Watch the following video then do the tasks that follow You will learn how to compute critical values of a Z-test

https://www.youtube.com/watch?v=DBIT8_hJJeM&list=PL51ZCXHa8bMkh_Yw-KGU7_uxjJowpZS2n&pp=iAQB
https://youtu.be/XHPIEp-3yC0

Task. Please attempt the Questions in the 1st Video. You can refer to Statistical tables provided at the end of this Module. 
Check Point! Check your understanding
.  
[bookmark: _Toc179201754]ACTIVITY 4: ONLINE DISCUSSION
	Use chats, forum, question/answer, message my teacher to engage others.

In the group discussion forum, undertake the following tasks.
Group Discussion Question 1: Hypothesis Formulation in New Product Launches
Question: A company is about to launch a new product and wants to determine if the new product will generate higher customer satisfaction compared to their existing products.
Discussion Points:
1. Formulating Hypotheses: How would you formulate the null and alternative hypotheses for this research question? Consider the types of outcomes you would expect and
how they relate to customer satisfaction.
2. Operational Definitions: Discuss how you would define and measure “customer satisfaction” in this context. What specific metrics or survey questions might you use?
3. Scenarios and Adjustments: If the initial hypothesis does not seem appropriate due to
unforeseen factors, how might you adjust your hypotheses? What other aspects of the
product launch could be tested?
Group Discussion Question 2: Hypothesis Formulation in Employee Training Programs
Question: A company has implemented a new training program aimed at improving employee performance. The management wants to evaluate whether the training program has a positive effect on employee productivity.
Discussion Points:
1. Formulating Hypotheses: What would be the null and alternative hypotheses for evaluating the effectiveness of the new training program on employee productivity? How do these hypotheses reflect the expected impact of the training?
2. Identifying Key Variables: What variables would you consider in formulating your hypotheses? How would you ensure these variables are appropriately measured to test your hypotheses?
3. Alternative Hypotheses: If you anticipate that the training might have different effects on various groups (e.g., based on department or job role), how would you adapt your hypotheses to account for these differences?  
[bookmark: _Toc179201756]Reference list and Further Reading
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2. Moore, D. S., McCabe, G. P., & Craig, B. A. (2020). Introduction to the practice of statistics (10th ed.). W.H. Freeman and Company.
3. Mendenhall, W., Beaver, R. J., & Beaver, B. M. (2017). Mathematical statistics with applications (8th ed.). Cengage Learning.
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2. StatTrek. (n.d.). Hypothesis testing. StatTrek. Retrieved September 10, 2024, from https://stattrek.com/hypothesis-test/hypothesis-testing.aspx
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4. [bookmark: _Toc179201758]Wolfram Mathworld. (N.D.). Hypothesis Testing. Wolfram Mathworld. Retrieved September 10, 2024, From Https://Mathworld.Wolfram.Com/Hypothesistesting.Html
[bookmark: _Toc179201759]Take Home Message
Congratulations for successfully going through this module. Keep going! Kindly share your key learning experiences and take-home message?
[bookmark: _heading=h.g56iyeojidya] 
[bookmark: _Toc179201760]  What’s Next?
Keep the eye on the staircase to reach the next level!


	[bookmark: _Toc179201761]MODULE 7:  Parametric Methods


 INSTRUCTIONAL HOURS: 4, 5 or 6
[bookmark: _Toc179201762] Module Overview
The module provides you with an overview on the concept, assumption and evaluation of parametric methods in statistical analysis to make informed decisions in research and business contexts.
Learning Outcomes
At the end of this module, you will be able to:
1. Describe the assumptions and applications of parametric methods in statistical analysis.
2. Apply various parametric techniques, such as regression and hypothesis testing, to analyze business and research data.
3. Evaluate the accuracy and validity of parametric models using diagnostics and goodness-of-fit measures.
4. [bookmark: _Hlk178839551]Interpret statistical results from parametric analyses to make informed decisions in research and business contexts.
[bookmark: _Toc179201763]    Learning Activities/Task List
1. Watch Lecture Video[image: Shape

Description automatically generated with low confidence]
2. Review power presentation PDF
3. Watch lecture related videos
4. Complete participation assignment:  Quiz 1
5. Complete personal introduction video
6. Review concept assignment : Quiz 2


[bookmark: _Toc179201764]INSTRUCTIONAL MATERIALS & LEARNING ACTIVITIES 

	(Learners to engage in self-directed learning	READING MATERIAL 1	(Notes, presentation, an article, a book chapter, case study,  video, please add assessment…)


Introduction to Parametric Methods
Parametric methods are statistical techniques that rely on assumptions about the population distribution from which the sample is drawn. These methods are particularly useful when the data follows a known distribution, often assumed to be normal. In this section, we will cover key assumptions and commonly used parametric methods.
Assumptions of Parametric Methods
Before applying parametric methods, it is crucial to ensure that the following assumptions hold. Details of each of the assumptions are discussed in the next section.
(a) Normality
The data should be approximately normally distributed, or at least symmetric. Normality means that the distribution of the test is normally distributed (or bell-shaped) with 0 mean, with 1 standard deviation and a symmetric bell-shaped curve. A normal distribution is symmetric about the mean, with data tapering off equally in both directions. The Mathematical Form for confirming normality i.e. If X is a random variable, then X∿ N (µ, σ2), where µ is the mean and σ2 is the variance.
Diagnostic Tools for testing the assumption of normality, the following measures and tests can be applied. The following tools are used to assess the normality of the data.
i. Histogram: A visual inspection tool that allows for checking if the data follows a bell-shaped curve.
ii. Q-Q Plot: A graphical method to compare quantiles of the data against a normal distribution. It plots the quantiles of the dataset against the quantiles of a normal distribution. If the points on the Q-Q plot fall approximately along a straight line (often the 45-degree line), this suggests that the data is normally distributed. Deviations from this line indicate departures from normality.
possible results and interpretation
• Central Region: If the points align closely with the 45-degree reference line in the central
part of the plot, it suggests that the data resembles a normal distribution in the middle
range.
• Tails Deviations: Points that veer off at the tails of the Q-Q plot indicate deviations from
normality in the extremes of the distribution:
– Heavy Tails: If the points are above the line in the upper tail or below the line in the
lower tail, it suggests that the data has heavier tails than a normal distribution (e.g., more
extreme values).
– Light Tails: Conversely, if the points are below the line in the upper tail or above the line in
the lower tail, it indicates that the data has lighter tails (fewer extreme values) compared to a normal distribution
iii. Shapiro-Wilk Test: A formal statistical test where the null hypothesis (H0) suggests that the data are normally distributed. The Shapiro-Wilk test is employed to assess whether a sample originates from a normally distributed population. This test is particularly effective for evaluating normality in small to moderate-sized samples. It utilizes a hypothesis testing approach to determine normality.
• Null Hypothesis (H0): The data follows a normal distribution.
• Alternative Hypothesis (H1): The data does not follow a normal distribution.
Possible Interpretation:
• If the p-value exceeds the significance level (e.g., 0.05), we fail to reject the null hypothesis,
indicating insufficient evidence to suggest a deviation from normality.
• If the p-value is less than or equal to the significance level (e.g., 0.05), we reject the null hypothesis, suggesting that the data significantly deviates from a normal distribution.
iv. Skewness and Kurtosis for Normality check
Skewness and kurtosis are two important metrics used to assess the normality of a dataset.
• Skewness: Measures the asymmetry of the data distribution around its mean.
– Skewness = 0: The data is perfectly symmetrical.
– Skewness > 0: The data is right-skewed (positively skewed), indicating a longer or fatter tail on the right.
– Skewness < 0: The data is left-skewed (negatively skewed), indicating a longer or fatter tail on the left.
• Kurtosis: Measures the heaviness of the tails of the distribution relative to a normal distribution.
– Kurtosis = 3: The data follows a normal distribution (excess kurtosis = 0).
– Kurtosis > 3: The data has heavier tails and a sharper peak than a normal distribution
(leptokurtic).
– Kurtosis < 3: The data has lighter tails and a flatter peak than a normal distribution (platykurtic).
(b) Homogeneity of Variances (Homoscedasticity)
This is an important assumption in many statistical analyses, such as ANOVA, regression, and t-tests. This assumption indicates that the variance within each group or dataset being compared should be approximately equal. If this assumption is violated (i.e., if the variances are unequal), the results of statistical tests can be misleading or inaccurate.
Importance of Homogeneity of Variances
i. Accurate Inference: Many statistical tests rely on the assumption of equal variances to produce accurate p-values, confidence intervals, and effect size estimates. Violations of this assumption can lead to incorrect conclusions, such as increased likelihood of type I or type II errors. It implies that data from multiple groups should have the same variance i.e., For groups A and B, the variances should be equal, σA2 = σB2.
ii. Linear Models: In linear regression models, homoscedasticity ensures that the residuals (errors) have constant variance. Violations of this assumption can lead to biased estimates of the regression coefficients.
Diagnostic tests and graphical tools to check for homogeneity of variances.
a) Levene’s Test: Tests for equality of variances across groups.
Levene’s test is a statistical procedure used to assess whether the variances of different groups are equal. It is particularly useful because it is robust to deviations from normality, meaning it works well even when the data do not follow a normal distribution. This makes it a preferred test in many cases over alternatives like Bartlett’s test.
Hypotheses for Levene’s Test
The hypotheses for Levene’s test are as follows:
• Null Hypothesis (H0): The variances across groups are equal.
• Alternative Hypothesis (H1): The variances across groups are not equal.
Decision Rule;
· F-value: The F-statistic indicates the ratio of the variance between groups to the variance within groups. A larger F-value suggests more significant differences in variances across the groups.
· P-value (Pr(>F)): when the p-value is less than the significance level of 0.05, we reject the null hypothesis that the variances are equal across the groups.
Conclusion: When the p-value is less than 0.05, we reject the null hypothesis, suggesting that there is significant evidence that the variances differ across the groups. Specifically, the variances of the variables are not homogeneous across the different categories in the dataset.
b) Bartlett’s Test: More sensitive to departures from normality.
Bartlett’s test is used to test if k samples have equal variances. It is particularly useful when the data is normally distributed, but it is sensitive to deviations from normality, which can affect its results.
Hypotheses for Bartlett’s Test
The hypotheses for Bartlett’s test are as follows:
• Null Hypothesis (H0): The variances across the groups are equal.
• Alternative Hypothesis (H1): The variances across the groups are not equal.
Decision Rule;
The result of Bartlett’s test provides a test statistic (often called a Chi-square value) and a p-value. These values help determine whether the variances are equal:
· Check the Bartlett’s K-squared value.
· P-value if is less than 0.05. If the p-value is less than 0.05, we reject the null hypothesis. This suggests that the variances across the groups are significantly different.
c) Boxplots: Visual representation of variances across groups.
A box plot, also known as a whisker plot, is a graphical representation of data that displays the distribution of a dataset based on five summary statistics: the minimum, first quartile (Q1), median, third quartile (Q3), and maximum. It is particularly useful for visualizing the spread and skewness of the data and for identifying potential outliers.
Components of a Box Plot
• Box: The central box represents the interquartile range (IQR), which is the range between
the first quartile (Q1) and the third quartile (Q3). It contains 50% of the data. The width of the boxes and the length of the whiskers indicate the spread and Variability of the data. In a homogeneity of variances check, we look for similar spread across groups. If the boxes and whiskers of the different cylinder groups are of similar length, it suggests that the variances are similar.
• Interquartile Range (IQR): Compare the IQR (the length of the boxes) for each group. If the
IQRs are approximately the same, this suggests that the variability is similar across the groups
• Median Line: A line inside the box represents the median (Q2) of the dataset.
• Whisker Lengths: Check the length of the whiskers for each group. Significant differences
in whisker lengths indicate differences in the spread of the data, suggesting potential heterogeneity of variances.  The lines extending from the box (whiskers) show the range of the data within 1.5 times the IQR from the quartiles. They extend to the smallest and largest values within this range.
• Outliers: Data points that fall outside the range of the whiskers are considered outliers and are often plotted as individual points or dots. Identify any outliers plotted outside the whiskers. The presence of many outliers or significant variation in their number across groups can signal differences in variance.
• Minimum and Maximum: The ends of the whiskers represent the minimum and maximum values within the 1.5 IQR range. Values beyond this range are considered outliers.
Conclusion:
If the box plots show similar spread (IQRs) and whisker lengths across the groups, it supports the assumption of homogeneity of variances. Conversely, if there are notable differences in the spread or many outliers in one group compared to others, it suggests that the variances are not homogeneous.
(c) Linearity
Linearity refers to the relationship between the independent variable (predictor) and the dependent variable (outcome) in a statistical model. In the context of regression analysis, linearity means that the relationship between the variables can be accurately represented by a straight line. The relationship between the independent and dependent variables should be linear which is described in a mathematical form.
Concept of Linearity
• Linear Relationship: A relationship between two variables is considered linear if a change in one variable corresponds to a proportional change in the other variable. Mathematically, this can be expressed as: Y = β0 + β1X + ϵ
where Y is the dependent variable, X is the independent variable, β0 is the intercept, β1 is the slope, and ϵ represents the error term.
• Linearity Assumption: In regression analysis, one of the key assumptions is that the relationship between the predictors and the outcome is linear. This assumption is crucial for the validity of regression models and for accurate parameter estimates.
Diagnostic Tools for Checking Linearity
To assess linearity, several diagnostic tools and plots can be used:
• Scatter Plot: A scatter plot of the dependent variable versus the independent variable can help visualize if the relationship two or more variables are linear. Look for a straight-line pattern. If the points form a straight line, the relationship is likely linear. Deviations from a straight line suggest a non-linear relationship.
• Residuals vs. Fitted Values Plot: Plotting residuals against fitted values helps check if the residuals (errors) are randomly scattered around zero if linearity holds. If the residuals display a systematic pattern, it suggests a non-linear relationship. Randomly scattered residuals around the horizontal line (y = 0) indicate a linear relationship. Patterns or systematic deviations suggest non-linearity.
•Q-Q Plot of Residuals: A quantile-quantile (Q-Q) plot of residuals can help check if residuals are normally distributed. Significant deviations from the diagonal line indicate potential issues with linearity. Residuals lying on the diagonal line suggest they are normally distributed. Significant deviations from this line may indicate issues with the linearity assumption.
(d) Independence
Independence refers to the assumption that the observations in a dataset are not influenced by each other. In statistical modeling, it is crucial that each observation is independent of the others to ensure the validity of the analysis. Observations should be independent of one another.
Concept of Independence
• Definition: Observations are considered independent if the occurrence or value of one observation does not affect the occurrence or value of another observation. Mathematically, this implies that the joint probability distribution of the observations can be expressed as the product of their individual distributions.
• Importance: Independence is a fundamental assumption in many statistical methods, including linear regression, ANOVA, and hypothesis testing. Violations of this assumption can lead to biased estimates and incorrect conclusions.
• Practical Consideration: This is especially crucial in time series data and spatial data, where independence can be violated due to autocorrelation, where;
i. Time Series Data: In time series data, observations are often collected sequentially over time. This can lead to autocorrelation, where current observations are correlated with past observations. This violates the assumption of independence.
ii. Spatial Data: In spatial data, observations may be geographically or spatially correlated, leading to violations of independence.
Diagnostic Tools for Checking Independence
• Durbin-Watson Test: This test is used to detect the presence of autocorrelation in the residuals from a regression analysis. Check the test statistic value. Values close to 2 indicate that the
residuals are likely independent. Significant deviations from 2 suggest autocorrelation.  The test statistic ranges from 0 to 4:
– A value close to 2 suggests no autocorrelation.
– A value significantly less than 2 indicates positive autocorrelation.
– A value significantly greater than 2 indicates negative autocorrelation.
• Plotting Residuals: Plotting the residuals from a regression model can help identify patterns that suggest a violation of independence. Patterns in residuals, such as trends or clusters, suggest a violation of independence.
– Residuals vs. Fitted Values Plot: Look for random scatter of residuals around the horizontal
line. Patterns or trends suggest a violation of the independence assumption. A random scatter of residuals around zero suggests independence. Patterns or trends, such as clustering or systematic deviations, indicate potential autocorrelation.
– Residuals vs. Time Plot: For time series data, plotting residuals against time can reveal autocorrelation. check for trends or cycles in residuals. Such patterns indicate autocorrelation and a violation of the independence assumption. Trends or cycles in the residuals suggest that the independence assumption is violated.

Parametric Methods
Parametric methods are statistical techniques that assume a specific form for the distribution of the data. These methods rely on the estimation of parameters to make inferences about the population. In the previous Modules, we discussed t-tests and z-tests, which are commonly used parametric methods. In this module, we will expand our discussion to include regression models, correlation analysis and ANOVA. Each method will be illustrated with a business example. Here, we discuss some commonly used parametric methods:
Simple Linear Regression
Simple Linear Regression (SLR) is a statistical technique employed to describe the relationship between a dependent variable Y and a single independent variable X. The goal is to determine the line that best fits the data points, minimizing the discrepancy between the actual and predicted values. While the fundamentals of descriptive statistics were covered in the earlier, modules, this module focuses on evaluating the significance of the model parameters and verifying the assumptions underlying parametric methods.
The SLR model is represented by the equation:
Y = β0 + β1X + ϵ where:
• Y is the dependent variable (response variable).
• X is the independent variable (predictor variable).
• β0 is the intercept of the regression line.
• β1 is the slope of the regression line.
• ϵ is the error term, which captures the variability in Y that cannot be explained by X.
Assumptions
For the results of the SLR to be valid, several assumptions must be met:
• Linearity: The relationship between X and Y is linear.
• Independence: The observations are independent of each other.
• Homoscedasticity: The variance of the residuals (errors) is constant across all levels of X.
• Normality: The residuals are normally distributed.
Residuals
The residuals from the model are summarized as follows:
• Minimum and Maximum Residual
• 1st Quartile (25th percentile)
• Median Residual:
• 3rd Quartile (75th percentile)
These values indicate the spread and central tendency of the residuals, which reflect the deviations of observed values from the predicted values.
The estimated coefficients of the model:
• Intercept (β0): The estimated intercept with a standard error and the t-value given the p-value provide the rejection decision of the null hypothesis. when β0 = 0, this indicates that the intercept is statistically significant. The significance of the intercept suggests that when the statistical values is zero, the predicted values is significantly different from zero.
• Slope (β1): The estimated slope with a standard error and the t-value given its p-value provide the rejection decision of the null hypothesis. When the β1 = 0, this indicates that the slope is statistically significant. The significance of the slope confirms the significant predictor of estimates.
Model Summary Statistics
• Residual Standard Error: This value represents the typical deviation of the observed values from the predicted values.
• Multiple R-squared: This indicates that approximately the explained variability of the model.
• Adjusted R-squared: This value adjusts the R-squared for the number of predictors, slightly lower than the Multiple R-squared, suggesting a good model fit while accounting for model complexity.
• F-statistic: This statistic tests the overall significance of the model. Given the p-value indicating that the model is highly significant and a strong predictor.
Conclusion
The model explains a substantial portion of the variability in all coefficients that are significant. The residuals’ distribution and the fit statistics suggest that the model is appropriate for the dataset.

Analysis of Variance (ANOVA)
Analysis of Variance (ANOVA) is a statistical technique used to compare the means of two or more groups to determine whether they differ significantly from each other. The primary goal of ANOVA is to investigate whether the variability in the data is due to the treatment effect or random variability. It helps in testing hypotheses concerning differences in group means.
Types of ANOVA
• One way ANOVA
• Two Way ANOVA
• Repeated Measures ANOVA
In this module you will only learn about one way ANOVA
One-Way ANOVA (one factor)
One-way ANOVA compares the means of multiple groups based on a single factor or independent variable.
In this ANOVA model, the null hypothesis states that the treatment means are all equal to some value . If we assume that the independent variable or treatment has no effect on the response, then the only reason that  differs from is because of random effects. Therefore, the null hypothesis would be  where  is a random variable having zero mean which measures the unexplainable effects that influence.
On the other hand, if the treatments or independent variable affects the response, then  will differ from because of the random effects and also because of the treatment effects. If the treatment effect is non zero, then the model becomes 
The null hypothesis, the mean value of response in population  is . In the above model, measures the common effect, measures the treatment effect and  measures the random effect. 
In One-Way model, the following hypothesis is tested;
Null hypothesis (H0): All group means are equal. { Alternative hypothesis (H1): At least one group mean is different. (different).
Assumptions of ANOVA
ANOVA relies on the following assumptions:
• Independence: The observations in each group must be independent. The samples drawn from different populations are random and independent.
• Normality: The data in each group should be normally distributed. The populations from which the samples are drawn are (approximately) normally distributed. 
• Homogeneity of variances: The variances across groups should be equal (homoscedasticity). The populations from which the samples are drawn have the same variance or standard deviation.
When carrying out a One-Way ANOVA, it is important to identify: -
· The dependent variable: This is the random variable under study.
· The treatment variable: It is the random variable which is assumed to influence the outcome of the dependent variable.
· The level of treatment variable: Refers to each category of the treatment variable.
· Experimental units

ANOVA Table and Calculations
The total variation in the data is partitioned into different components:
Total Variation (SST) = ∑(Xij - )2
Between-Group Variation (SSB) = ∑ni()2
Within-Group Variation (SSW) = SST - SSB
The ANOVA table structure:
	Source of variation 
	Sum of squares (SS) 
	d. f 
	Mean Square 
	F-ratio

	Between treatment levels/Groups 
Within treatment levels/Groups 
	(SSB=SSTR) 

(SSW=SSE)
	


	

	

	Total 
	SST
	N-1
	
	


Where:
• k=r: number of groups Methods
• N: total number of observations
• MSB: Mean Square Between groups	
• MSW: Mean Square Within groups
Test statistic
The test statistic for one way ANOVA is F

Where MSTR – Mean Square between treatments 
	MSE – Mean Square for Error
Rejection region 
The One-Way ANOVA is always right tailed with the rejection region in the right-tail of the F distribution curve. 
 where  is the number of treatment levels and total sample size.
Characteristics of the F Distribution
· It is continuous and skewed to the right
· It has two degrees of freedom i.e. for the numerator and denominator
· The units of a F distribution are non-negative

The F-statistic is used to test the null hypothesis. If the F-value is significantly large, it suggests a significant difference between the group means.
Post-Hoc Tests
Post-hoc tests are performed when ANOVA indicates significant differences. Common tests include:
• Tukey’s HSD: Controls the family-wise error rate.
• Bonferroni Correction: Adjusts the significance level for multiple comparisons.
• Scheffé’s Test: A more conservative method for all possible contrasts.
Interpreting ANOVA Results
• P-value: A small p-value (typically less than 0.05) indicates significant differences between
group means.
• Effect Size (Eta Squared, η2): Measures the proportion of total variance explained by the
group differences.
η2 = SSB
        SST
There are three measures of variability 
The total sum of squares (SST): This is a measure of the total variability. It reflects the variability of the individual   values about an overall grand mean 

Or 	
Treatment sum of squares (SSTR) – Explained variation
This describes the variability which is observed between all the individual sample means. Deviations observed between individual sample means can be attributed to the effect of the different sample treatments.

 where  is the   treatment mean
Alternatively:

Error Sum of Squares (SSE): residual sum of squares or unexplained variation. It measures how the individual  observations within each sample vary about their respective sample means 

OR    

Calculation of the mean squares
When SSTR and SSE, are divided by appropriate degrees of freedom, they become variance measures
		
Where N is the total sample size and is the number of treatment levels
Two-way analysis of variance
In two factor ANOVA models, two hypothesis are tested. The primary hypothesis and the secondary hypothesis.
 The primary hypothesis tests for a difference in the means across the treatment levels
The secondary hypothesis tests for any difference in the means across the different blocking levels
In two factor ANOVA, the total variability is partitioned into three parts:-
· SSTR – Sum of squares attributed to the treatment variable
· SSB – Sum of squares attributed to the blocking variable
· SSE – Sum of squares due to error ( Residual)



Test Statistic 
Primary hypothesis 

Secondary hypothesis

General format of a two-way ANOVA table
	Source of variation 
	Sum of squares 
	d. f 
	Mean Square 
	F-ratio

	Between treatment levels 
Between blocking levels 
Within treatment levels 
	SSTR

SSB

SSE
	




	


	


	Total 
	SST
	
	
	



Two factor analysis of variance with interaction
There are three hypothesis to be tested:-
· The primary hypothesis tests if there are influences attributable to the treatment variable 
· The secondary hypothesis tests if there are influences attributable to the blocking variable
· The interaction hypothesis tests if there is any interaction present.
Examples 
1. One of the products made at XYZ Chemicals Company is detergent. Due to increased sales, the company is planning to buy a few new machines that will be used to fill 64-ounce detergent jugs. The company is considering three types of such machines but will eventually buy only one type of machine. Before making such a decision, the company wanted to test the three machines for the number of jugs filled per hour. To do so, the company used each of the three types of machines for five hours and recorded the number of jugs filled during each hour by these machines. The following table gives the number of jugs filled by these machines during each of the five hours. 
	Machine I
	Machine II
	Machine III

	54
49
52
55
48
	53
56
57
51
59
	49
53
47
50
54


At the 5% significance level, is there a significant difference mean number of jugs filled per hour by each of these three machines is the same?

2. From time to time, unknown to its employees, the research department at post bank observes various employees for work productivity. Recently, this department wanted to check whether the four tellers at a branch of this bank serve, on average, the same number of customers per hour. The research manager observed each of the four tellers for a certain number of hours. The following table gives the number of customers served by the four tellers during each of the observed hours.
	Teller A
	Teller B
	Teller C
	Teller D

	19
21
26
24
18
	14
16
14
13
17
13
	11
14
21
13
16
18
	24
19
21
26
20


At the 5% significance level, test the null hypothesis that the mean number of customers served per hour by each of these four tellers is the same.
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Discussion forum:
 

END OF MODULE ASSESSMENT
Attempt all the questions
1. Describe each of the key assumptions necessary for the validity of t-tests and ANOVA.
2. Explain why each assumption is important for the validity of these tests.
3. Discuss how violations of these assumptions can affect the results and conclusions of the parametric tests.
4. Given a dataset; Sample Values: 45, 52, 49, 51, 53, 48, 47, 50, 54, 46, demonstrate how to apply a one-sample t-test to assess if the mean of the sample differs from a known value. Include the R code for conducting this test and interpret the results.
5. You have been given a dataset and need to perform a two-sample t-test. How would you evaluate whether the assumptions of normality and equal variances are met before conducting the test? What steps would you take if these assumptions are not met?
6. After performing a one-way ANOVA on a dataset with three groups, you obtain an F-statistic of 5.6 and a p-value of 0.008. Explain what these results indicate about the differences between the groups and whether the null hypothesis should be rejected.
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1. Montgomery, D. C. (2017). Design and Analysis of Experiments (9th ed.). Wiley. This book offers a comprehensive discussion of experimental design and parametric methods, including ANOVA.
2. Field, A. (2013). Discovering Statistics Using IBM SPSS Statistics (4th ed.). SAGE Publications. Field’s book explains parametric methods with practical examples, focusing on statistical software like SPSS.
3. 
Recommended Texts:
1. Weiss, N. A. (2015). Introductory Statistics (10th ed.). Pearson. A textbook that explains parametric methods such as t-tests and ANOVA with easy-to understand examples.
2. Larsen, R. J., & Marx, M. L. (2012). An Introduction to Mathematical Statistics and Its Applications (5th ed.). Pearson. Provides a strong mathematical foundation for understanding parametric statistical methods, including hypothesis testing.
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1. Statistics Solutions. (2023). Understanding Parametric and Non-parametric Tests in Statistics. Retrieved from https://www.statisticssolutions.com/understanding-parametric-and-non-parametric-tests-in-statistics/. This online source provides an overview of parametric and non-parametric tests, explaining the key differences and use cases for each.
2. Laerd Statistics. (2023). One-way ANOVA in SPSS. Retrieved from https://statistics.laerd.com/spss-tutorials/one-way-anova-using-spss-statistics.php
This tutorial offers a practical guide on performing one-way ANOVA using SPSS and interpreting results.
3. Kenton, W. (2021). Parametric Test. Investopedia. Retrieved from https://www.investopedia.com/terms/p/parametric-test.asp A concise online explanation of parametric tests and their application in financial and economic contexts.
4. NIST/SEMATECH. (2023). e-Handbook of Statistical Methods. Retrieved from https://www.itl.nist.gov/div898/handbook/eda/section3/eda35. htm. A detailed online resource offering a comprehensive explanation of parametric methods and statistical techniques, with practical examples.
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[bookmark: _Toc179201779] Module Overview
The module provides you with an overview of the non-parametric statistical methods and their applications in the business field. The module will focus on situations where data does not meet the assumptions required for parametric tests and explores robust alternatives that non-parametric methods offer. You will be expected to critically compare them to parametric methods to understand their strengths and limitations.
Learning Outcomes
At the end of this module, you will be able to:
1. Identify various non-parametric methods which can be used in business and research
2. Apply non-parametric tests to analyze data that do not meet the assumptions required for parametric tests
3. Compare and contract nonparametric methods from parametric methods
4. Assess the robustness of non-parametric methods when violations of assumptions are evident to different types of data issues
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	(Learners to engage in self-directed learning	READING MATERIAL 1	(Notes, presentation, an article, a book chapter, case study,  video, please add assessment…)


1. Introduction to Non-Parametric Methods
Non-parametric methods, often referred to as distribution-free methods, are a class of statistical techniques that do not assume a specific probability distribution for the population from which the data are drawn. Unlike parametric methods, which typically assume that the data follow a normal distribution or some other specific distribution, non-parametric methods are flexible and can be applied in situations where the assumptions required for parametric tests are not met.
1.1. Key Features of Non-Parametric Methods
[bookmark: _Toc179201782]Non-parametric methods have several distinguishing features that make them suitable for a wide range of applications:
• No Assumptions about Population Distribution: Non-parametric methods do not require the data to be normally distributed. This is particularly useful when working with real-world data that often deviate from the theoretical assumptions of parametric methods.
• Ordinal, Ranked, and Non-Quantitative Data: These methods can be used to analyze ordinal or ranked data, where parametric methods would be inappropriate because such data do not have meaningful distances between values. Examples include customer satisfaction surveys, preference rankings, and other data that can be ordered but not quantitatively measured.
• Robustness to Outliers and Skewed Data: Non-parametric methods are less affected by outliers or skewed distributions, which can significantly influence the results of parametric tests. This makes them more robust and reliable when dealing with data that include extreme values or non-symmetric distributions.
• Small Sample Sizes: Parametric methods typically rely on large sample sizes to provide accurate estimates of population parameters (e.g., means, variances). However, non-parametric methods perform well with smaller sample sizes because they do not rely on assumptions about the underlying distribution. This is especially useful in fields like business, where collecting large amounts of data may be impractical.
You will explore these key features in greater detail in the following section of this module.
1.2. Why Use Non-Parametric Methods?
Non-parametric methods are particularly advantageous when:
• The Assumptions of Parametric Tests Are Violated: Many parametric tests, such as the t-test and ANOVA, require assumptions like normality and homogeneity of variances. If these assumptions are violated, parametric methods can lead to misleading conclusions. Non-parametric methods offer a robust alternative in such cases.
• The Data Are Ordinal or Ranked: In some cases, data may not be measured on an interval or ratio scale, but instead on an ordinal scale. For instance, customer satisfaction might be rated on a scale from 1 to 5, where the difference between each number is not necessarily the same. Non-parametric methods are designed to handle such data without assuming equal intervals between ranks.
• The Sample Size Is Small: When working with small samples, the central limit theorem does not hold, and parametric tests may not be valid. Non-parametric methods are well suited for small sample sizes, making them a practical choice in many applied research situations.
• Outliers and Skewness Are Present: Non-parametric tests are more resistant to the effects of outliers and skewness. In business, where data might often be skewed (e.g., income distributions), non-parametric methods provide a reliable alternative.
1.3. Limitations of Non-Parametric Methods
[bookmark: _Toc179201783]While non-parametric methods have many advantages, they also come with some limitations:
• Less Statistical Power: Non-parametric tests tend to have less statistical power compared to parametric tests when the assumptions of parametric methods are met. This means they may be less likely to detect a true effect when it exists.
• Loss of Specific Information: Since non-parametric methods often involve ranking the data rather than using the raw values, some specific information about the magnitude of differences between observations may be lost.
• Limited Availability for Complex Models: While non-parametric methods are excellent for simple comparisons or associations, there are fewer non-parametric options for more complex statistical models (e.g., regression, factor analysis).
1.4. Common Situations for Using Non-Parametric Methods in Business
In the business field, non-parametric methods are useful in several scenarios:
• Customer Satisfaction Surveys: Ordinal data, such as satisfaction ratings, can be analyzed using non-parametric methods like the Mann-Whitney U test or the Kruskal-Wallis test.
• Employee Rankings or Performance Evaluations: When ranking employees based on performance, non-parametric tests can compare these rankings between different departments or over time.
• Financial Data Analysis: Non-parametric methods can be applied when analyzing financial data that do not follow a normal distribution, such as stock returns, which often exhibit skewness and kurtosis.
• Market Research: In situations where market preferences are measured using rankings or categorical data, non-parametric methods like the chi-square test can be applied to determine associations between variables.
1.5. Comparison of Non-Parametric and Parametric Methods
	Aspect 
	Parametric Methods 
	Non-Parametric Methods

	Assumptions 
	Assume specific distribution (e.g., normal)
	No assumption about the distribution

	Data Types 
	Used for interval or ratio data
	Suitable for ordinal or nominal data

	Efficiency 
	More powerful if assumptions are met
	Less powerful but reliable when assumptions are violated

	Robustness 
	Sensitive to outliers and skewed distributions
	More robust with outliers or non-normal distributions


Non-parametric and parametric methods have distinct differences in their applications and assumptions. Comparison of Parametric and Non-Parametric Methods is as in the table below;

[bookmark: _Toc179201784]Before diving into the details of non-parametric methods, watch this video to gain further insights.
[bookmark: _Toc179201785]Content Curated Video: https://youtu.be/xA0QcbNxENs
[bookmark: _Toc179201786]on A Gentle Introduction to Non-Parametric Methods
2. Non-Parametric Methods in Business
Non-parametric methods can be applied in various business fields, including marketing, finance, and operations. Some common non-parametric methods are discussed in the following subsections:
2.1. Mann-Whitney U Test (Wilcoxon Rank-Sum Test)
The Mann-Whitney U Test, also known as the Wilcoxon Rank-Sum Test, is a non-parametric test used to compare differences between two independent groups when the dependent variable is either ordinal, continuous but not normally distributed, or when the assumptions of parametric tests such as the independent samples t-test are violated. This test is particularly useful when the sample sizes are small, or the data are skewed or contain outliers.
Key Features
• No Assumption of Normality: Unlike parametric tests, the Mann-Whitney U Test does not
require the assumption of normality, making it ideal for data that do not follow a normal
distribution.
• Rank-Based: Instead of comparing the actual data points, the test ranks the combined data
from both groups. The ranks are then compared to determine if there is a significant difference between the two groups.
• Independent Groups: The test compares two independent groups, meaning the observations in one group are not related or paired with observations in the other group.
Hypotheses
• Null Hypothesis (H0): The distributions of the two groups are the same, or there is no
significant difference between the two groups.
• Alternative Hypothesis (H1): The distributions of the two groups are different, indicating
a significant difference between the groups.
Test Statistic
[bookmark: _Toc179201787]The Mann-Whitney U statistic is calculated based on the ranks of the data. The test compares the sum of the ranks in both groups to determine if there is a significant difference between them. The smaller the U value, the greater the difference between the groups.
Example in Business
Consider a situation where a company wants to compare the customer satisfaction ratings (measured on an ordinal scale) for two different products: Product A and Product B. Since the satisfaction ratings are ordinal and may not follow a normal distribution, the Mann-Whitney U Test would be appropriate to compare the two products.
Steps to Perform the Test:
1. Combine the data from both groups and assign ranks to each observation.
2. Calculate the sum of the ranks for each group.
3. Compute the U statistic for each group based on the ranks.
4. Compare the U statistic to the critical value from the Mann-Whitney U distribution table
(or use a p-value approach) to determine if the difference between groups is statistically
significant.
Watch this video before you undertake the following example on How to compute Mann-Whitney U test by hand: https://youtu.be/BT1FKd1Qzjw

Example 1:
Consider a situation where a company wants to compare customer satisfaction ratings for two different products: Product A and Product B. The ratings are measured
on an ordinal scale from 1 to 5, where 1 is the lowest satisfaction and 5 is the highest.
Suppose we have the following ratings:
• Product A Ratings: 4, 2, 5, 3, 4
• Product B Ratings: 3, 2, 4, 5, 3
We will use the Mann-Whitney U Test to determine if there is a significant difference in customer satisfaction ratings between the two products.
Solution
1. Combine the Data and Assign Ranks: First, combine the ratings from both products and
rank them. Assign ranks to the combined data, with the smallest value receiving rank 1, the
next smallest receiving rank 2, and so on. If there are ties, assign the average rank for the tied
[bookmark: _Toc179201788]values.
	Rating 
	Combined Data 
	Rank

	2
2
3
3
4
4
4
5
5 
	2 
2
3
3
4
4
4
5
5 
	1.5
1.5
3.5
3.5
5.5
5.5
5.5
7.5
7.5


Here’s how the combined and ranked data looks:
	Product 
	Rating 
	Rank

	A
A
A
A
A
B
B
B
B
B 
	4
2
5
3
4
3
2
4
5
3 
	5.5
1.5
7.5
3.5
5.5
3.5
1.5
5.5
7.5
3.5


2. Calculate the Sum of the Ranks for Each Group:
Sum of Ranks for Product A = 5.5 + 1.5 + 7.5 + 3.5 + 5.5 = 23.5
Sum of Ranks for Product B = 3.5 + 1.5 + 5.5 + 7.5 + 3.5 = 21.5
3. Compute the U Statistic: The Mann-Whitney U statistic for each group can be computed
using the formula:
UA = RA – {nA(nA + 1)/2}
UB = RB – [nB(nB + 1)/2}
where RA and RB are the sums of ranks for Product A and Product B, respectively, and nA and nB are the number of observations in each group.
UA = 23.5 – [5 × (5 + 1)/2] = 23.5 - 15 = 8.5
UB = 21.5 – [5 × (5 + 1)/2] = 21.5 - 15 = 6.5
4. Determine the Smaller U Value and Compare to Critical Value
U = min(UA, UB) = min(8.5, 6.5) = 6.5
To determine if this U statistic is statistically significant, compare it to the critical value from the Mann-Whitney U distribution table for nA = 5 and nB = 5 or compute the p-value. For example, if the critical value for a significance level of 0.05 is 4 (from a Mann-Whitney U table), then: 6.5 > 4
[bookmark: _Toc179201789]Since the U value is greater than the critical value, we fail to reject the null hypothesis. Therefore, there is not enough evidence to suggest a significant difference in customer satisfaction ratings between Product A and Product B.
If the Mann-Whitney analysis output of two species of setosa and versicolor species are different from each other is:
• W = 0: The test statistic.
• p-value < 2.2e-16: The p-value is very small, suggesting a significant difference between
the two species. Given the extremely small p-value, you would reject the null hypothesis.
This means that there is significant evidence to suggest that the petal lengths of setosa and
versicolor species are different from each other.
2.2. Wilcoxon Signed-Rank Test
[bookmark: _Toc179201790]The Wilcoxon Signed-Rank Test is a non-parametric test used to compare differences between two related samples or matched pairs. It is an alternative to the paired t-test when the differences between paired observations are not normally distributed or when the data are ordinal.
Key Features
• No Assumption of Normality: Unlike the paired t-test, which assumes that the differences
between pairs are normally distributed, the Wilcoxon Signed-Rank Test does not require
this assumption, making it suitable for data that do not follow a normal distribution.
• Rank-Based Differences: The test works by ranking the absolute differences between
paired observations and then analyzing the ranks to determine if the median difference is
significantly different from zero.
• Related Samples: The test is specifically used for paired or matched samples where each
observation in one sample is paired with a corresponding observation in the other sample.
Hypotheses
• Null Hypothesis (H0): The median difference between paired observations is zero, indicating no significant difference between the two related samples.
• Alternative Hypothesis (H1): The median difference between paired observations is not
zero, indicating a significant difference between the two related samples.
Assumptions
• The dependent variable is ordinal or continuous.
• The samples are related or matched in pairs.
• The differences between pairs are independent.
Test Statistic
[bookmark: _Toc179201791]The Wilcoxon Signed-Rank Test calculates the test statistic based on the ranks of the absolute differences between paired observations. The test sums the positive and negative ranks and compares these sums to determine if there is a significant difference between the paired samples.
Example 2:
[bookmark: _Toc179201792]The following video https://youtu.be/TqCg2tb4wJ0
[bookmark: _Toc179201793]provide an example on how to compute Wilcoxon signed-rank test. Watch it then undertake the following Quiz: 
QUIZ/QUESTIONS
A company has recently implemented a new training program aimed at improving the productivity of its sales team. The productivity of each salesperson is measured in terms of the number of sales completed per month. To assess the impact of the training program, the company recorded the number of sales made by 10 sales people before and after the training program. The Sales Data Before and After Training is as follows:
	Salesperson 
	Sales Before Training 
	Sales After Training

	1
2
3
4
5
6
7
8
9
10 
	15
20
12
22
18
14
16
19
21
13 
	18
25
13
26
22
16
17
20
23
15



Steps to follow
1. Compute the Differences:
Difference = Sales After - Sales Before
	Salesperson 
	Difference 
	Absolute Difference

	1 
2
3
4
5
6
7
8
9
10 
	3
5
1
4
4
2
1
1
2
2 
	3
5
1
4
4
2
1
1
2
2


2. Rank the Absolute Differences:
	Salesperson 
	Difference 
	Absolute Difference 
	Rank 
	Signed Rank

	1
2
3
4
5
6
7
8
9
10 
	3
5
1
4
4
2
1
1
2
2 
	3
5
1
4
4
2
1
1
2
2 
	1
6
10
4
4
8
10
10
8
8 
	+1
+6
+10
+4
+4
+8
+10
+10
+8
+8


3. Sum the Positive and Negative Ranks:
Sum of Positive Ranks = 1 + 6 + 10 + 4 + 4 + 8 + 10 + 10 + 8 + 8 = 77
Sum of Negative Ranks = 0
4. Calculate the Test Statistic W:
W = Sum of Negative Ranks = 0
5. Determine the Critical Value:
For a significance level of 0.05 and n = 10, the critical value is 8 (one-tailed).
Critical Value = 8
Since the calculated test statistic W (0) is less than the critical value (8), the result is significant.
Conclusion:
[bookmark: _Toc179201794]The test statistic W is significantly less than the critical value, indicating that there is a significant difference between the number of sales before and after the training program. Thus, the training program has had a significant impact on productivity.
2.3. Kruskal-Wallis Test
The Kruskal-Wallis Test is a non-parametric method used to compare differences between more than two independent groups. It is an extension of the Mann-Whitney U by Kruskal and Wallis for cases of three or more populations. It tests multiple groups and is used when the dependent variable is ordinal or not normally distributed.
Key Features
• No Assumption of Normality: The Kruskal-Wallis Test does not assume that the data follow a normal distribution, making it suitable for non-normally distributed data.
• Rank-Based Analysis: The test ranks all the observations from all groups together and
then compares the average ranks among the groups.
• Independent Groups: It compares more than two independent groups to determine if there
are significant differences between them.
Hypotheses
• Null Hypothesis (H0): All populations are identical. The distributions of all groups are the same, indicating no significant differences between the groups.
• Alternative Hypothesis (H1): Not all populations are identical. At least one group distribution differs significantly from the others.
The Kruskal-Wallis test can be used with ordinal data as well as with interval or ratio data. Also, the Kruskal-Wallis test does not require the assumption of normally distributed populations.
Test Statistic
w
where:   k = number of populations
	  ni = number of items in sample i
	 nT = ∑ni = total number of items in all samples
	 Ri = sum of the ranks for sample i
When the populations are identical, the sampling distribution of the test statistic W can be approximated by a chi-square distribution with k – 1 degrees of freedom. This approximation is acceptable if each of the sample sizes ni is > 5.
The rejection rule is:  	Reject H0 if p-value < α
 2.4. Spearman’s Rank Correlation
Spearman’s Rank Correlation is a non-parametric measure of the strength and direction of the association between two ranked variables. It is used when the data are ordinal or when the assumptions of Pearson’s correlation coefficient are violated.
The Pearson correlation coefficient, r, is a measure of the linear association between two variables for which interval or ratio data are available. The Spearman rank-correlation coefficient, rs, is a measure of association between two variables when only ordinal data are available. Values of rs can range from –1.0 to +1.0, where;
· values near 1.0 indicate a strong positive association between the rankings, and
· values near -1.0 indicate a strong negative association between the rankings.
Spearman Rank-Correlation Coefficient, rs


where:  n = number of items being ranked
             xi = rank of item i with respect to one variable
	 yi = rank of item i with respect to a second variable
	 di = xi - yi
Key Features
• Non-Parametric Measure: Spearman’s Rank Correlation does not assume that the data
follow a normal distribution.
• Rank-Based Analysis: The correlation is based on the ranks of the values rather than the
actual data points.
• Monotonic Relationships: Measures the strength and direction of monotonic relationships
between two variables.
Test for Significant Rank Correlation (Hypotheses)
We may want to use sample results to make an inference about the population rank correlation ps. To do so, we must test the hypotheses:
• Null Hypothesis (H0): ps=0 (No rank correlation exists). This indicates there is no monotonic relationship between the two variables.
• Alternative Hypothesis (H1): ps≠0 (Rank correlation exists). There is a significant monotonic relationship between the two variables.
Sampling Distribution of rs when ps = 0
Where; Mean 
Standard Deviation 
Distribution Form is approximately normal, provided n > 10
Assumptions
• The variables are at least ordinal.
• The relationship between the variables is monotonic.
Test Statistic
Spearman’s Rank Correlation coefficient (ρ) measures the strength and direction of the monotonic relationship between two ranked variables. The coefficient ranges from -1 to 1, where -1 indicates a perfect negative monotonic relationship, 1 indicates a perfect positive monotonic relationship, and 0 indicates no monotonic relationship.
Computation of Spearman’s Rank Correlation
Consider the following dataset with some ties of Business Metric and Customer Satisfaction:
	Observation 
	X (Business Metric) 
	Y (Customer Satisfaction)

	1
2
3
4
5
6
7
8
9
10
11
12 
	4
5
6
7
4
8
9
10
6
11
12
5 
	7
8
6
9
7
8
10
11
6
12
10
7



Steps to Compute Spearman’s Rank Correlation
1. Rank the Data:
• Rank X and Y, adjusting for ties.
2. Compute the Sum of Squared Differences:
∑d2 i = 80
3. Calculate Spearman’s Rank Correlation Coefficient:
	
	Observation 
	X Rank 
	Y Rank 
	di 
	d2 i

	1
 2
 3
4
5
6
7
8
9
10
11
12 
	1.5
3.5
5.5
7
1.5
6.5
8
9
5.5
11
12
3.5 
	4.5
6.5
2.5
8
4.5
6.5
10
11
2.5
12
10
4.5 
	-3
-3
3
-1
-3
0
-2
-2
3
-1
2
-1 
	9
9
9
1
9
0
4
4
9
1
4
1


Ranks and Squared Differences
= 1 - 0.279 = 0.721

Therefore; 0.721
Therefore, the Spearman’s Rank Correlation Coefficient is approximately 0.721.
Interpretation
A Spearman’s rank correlation coefficient of 0.721 suggests a strong positive relationship between the business metric and customer satisfaction. As the business metric increases, the customer satisfaction ratings tend to increase as well
Advantages
• No distributional assumptions: Suitable for non-normally distributed data. Statistical Methods
• Monotonic relationships: Measures monotonic relationships rather than linear relationships.
Limitations
• Does not measure linear relationships: Only assesses monotonic relationships.
• Less informative about strength of association: Provides less detail about the strength of
association compared to Pearson’s correlation for linear relationships.
2.5. Chi-Square Test
You have had a lot of reading. Now take a break from reading and learn Chi-square by watching the following video. https://youtu.be/f53nXHoMXx4
After watching the video you can now follow through the following Practical activity to determine if there is a significant association between the class of passengers (‘Class‘) and their survival status (‘Survived‘) on the Titanic.
The dataset used is the Titanic dataset, will analyze the relationship between passenger class and survival status.
Chi-Square Test for Independence
The Chi-Square test for independence is used to determine if there is a significant association between two categorical variables. In this case, we will test if passenger class and survival status are independent.
Procedure
1. prepare the data by converting it to a data frame for analysis.
2. Create a Contingency Table: This table will show the frequencies of different classes
and their corresponding survival statuses.
3. Perform the Chi-Square Test on the contingency data table.
4. Interpret the Results: Determine the Chi-Square statistic, degrees of freedom, and p-value from the test result.
Contingency Table
The contingency table for passenger class and survival status is:
	Class Survived 
	Yes Survived
	 No

	1st 
	122
	167

	2nd
	104
	154

	3rd
	528
	528


Chi-Square Test Results
The Chi-Square test results are as follows:
Pearson’s Chi-squared test
Chi-squared statistic = X2, Degrees of Freedom (df) = df, p-value = p
Interpretation
• Null Hypothesis (H0): The class of passengers and their survival status are independent.
• Alternative Hypothesis (H1): The class of passengers and their survival status are not
independent.
• If the p-value is less than the significance level (e.g., 0.05), we reject the null hypothesis
and conclude that there is a significant association between passenger class and survival
status.
• If the p-value is greater than the significance level, we fail to reject the null hypothesis
and conclude that there is no significant association between passenger class and survival
status.
3. Application of Non-Parametric Methods to Business Data
Non-parametric methods are useful when data violate the assumptions required for parametric methods (e.g., normality, homoscedasticity). Let’s explore how these methods can be applied in business data analysis:
3.1. Example: Mann-Whitney U Test
Suppose a company wants to compare the job satisfaction levels (measured on an ordinal scale) between two departments. Since the data are ordinal, a parametric test like the t-test is not appropriate. Instead, the Mann-Whitney U test can be used.
Steps for Applying the Mann-Whitney U Test
1. Rank all data from both groups.
2. Sum the ranks for each group.
3. Compute the U statistic for both groups.
4. Compare the U statistic to the critical value from the Mann-Whitney U distribution table.
5. Interpret the results.
4. Assessing Robustness of Non-Parametric Methods
Non-parametric methods, also known as distribution-free methods, are used when data do not meet the assumptions required for parametric tests. They are considered more robust because they do not rely on specific distributional assumptions, making them suitable for data that are ordinal, have outliers, or are not normally distributed.
Key Aspects of Robustness
1. Handling Non-Normal Distributions
Non-parametric methods do not require data to follow a normal distribution. They rank the data and use these ranks for statistical inference, making them robust to deviations from normality.
ő Example 3: Mann-Whitney U Test
The Mann-Whitney U test can be used to compare two independent groups without assuming normal distribution.
2. Tolerance for Outliers
Non-parametric methods are generally less sensitive to outliers compared to parametric methods. This is because non-parametric tests rely on ranks rather than raw data values.
ő Example 4: Kruskal-Wallis Test
The Kruskal-Wallis test is robust to outliers when comparing more than two independent groups.
3. Small Sample Sizes
Non-parametric tests can be applied to small sample sizes, although they may be less powerful than parametric tests when the sample size is small and the assumptions of parametric tests are met.
ő Example 5: Wilcoxon Signed-Rank Test
The Wilcoxon Signed-Rank test can be used for small sample sizes to compare two related samples.
Examples of Robustness Assessment
a. Comparing Non-Parametric Methods in Presence of Outliers
Scenario
Suppose we have two methods of customer satisfaction measurement, and we want to compare their effectiveness. We know that there are some extreme values (outliers) in the dataset.
Method
Use the Wilcoxon Signed-Rank test and compare its results to those of a parametric t-test.
Analysis
• Non-Parametric Approach: Ranks the data, reducing the impact of outliers.
• Parametric Approach: Sensitive to the influence of extreme values.
Output
Wilcoxon signed rank test with continuity correction data: data1 and data2
V = 0, p-value = 0.5
alternative hypothesis: true location shift is not equal to 0
Paired t-test
data: data1 and data2
t = -0.408, df = 4, p-value = 0.7045
alternative hypothesis: true difference in means is not equal to 0
Interpretation
Wilcoxon Signed-Rank Test: The p-value is 0.5, which is greater than the common significance level (e.g., 0.05). This suggests that there is no significant difference between the two
[bookmark: _Toc179201795]Mastery  exercise
 
Deepen your understanding!
Example:  Crennor Investors
Crennor Investors provides a portfolio management service for its clients.  Two of Crennor’s analysts ranked ten investments as shown on the next slide.  Use rank correlation, with  α = .10, to comment on the agreement of the two analysts’ rankings.
Analysts’ Rankings
	Investment
	A     B     C     D     E     F     G    H     I      J

	Analyst #1
	 1      4      9      8      6     3      5     7      2    10

	Analyst #2
	 1      5      6      2      9     7      3    10     4     8


Hypotheses
	

Rejection Rule
With .10 level of significance: Reject H0 if p-value < .10
Test Statistic

z  = (rs - μr )/∂r = (0.4424 - 0)/0.3333 =  1.33
p-Value = 2(0.5000 - 0.4082) =0.1836
Conclusion
Do no reject H0.  The p-value > α.  There is not a significant rank correlation.  The two analysts are not showing agreement in their ranking of the risk associated with the different investments.
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[bookmark: _Toc179201799]ACTIVITY 3: PRACTICAL SKILLS
 
	VIDEO 1: Demonstration of practical use of knowledge acquired

.
[bookmark: _Toc179201801]ACTIVITY 4: ONLINE DISCUSSION
  
	Use chats, forum, question/answer, message my teacher to engage others.


Discussion forum:
 
END OF MODULE ASSESSMENT
Attempt all the questions
1. In the context of evaluating customer satisfaction, you have data that is ordinal and does not follow a normal distribution. List at least three non-parametric methods that can be used to analyze such data. Provide a brief explanation of when each method is appropriate.
2. A company wants to compare the effectiveness of three different marketing strategies based on customer ratings, but the ratings are not normally distributed. Describe how you would use the Kruskal-Wallis Test to analyze this data, and provide the steps for performing this test 
3. Compare and contrast the Mann-Whitney U Test and the Independent Samples t-Test in terms of their assumptions, data requirements, and robustness. When would you prefer to use the Mann-Whitney U Test over the t-Test in a business analysis scenario?
4.  You have customer feedback data that is highly skewed and contains several outliers. How would you assess the robustness of the Wilcoxon Signed-Rank Test in this situation? What advantages does this test offer compared to a parametric paired t-Test?
5. Given a dataset with ties in rankings, such as:
• Group A: 4, 5, 5, 6, 7
• Group B: 3, 4, 6, 6, 8
Perform a Spearman’s Rank Correlation analysis to assess the relationship between the two groups. How do you handle ties in the ranking process, and what does the Spearman’s correlation coefficient indicate in this context?
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Congratulations for successfully going through this module. Keep going! Kindly share your key learning experiences and take-home message?
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	MODULE 9:  MULTIVARIATE ANALYSIS


 INSTRUCTIONAL HOURS: 4, 5 or 6
 MODULE OVERVIEW
This module focuses on advanced statistical techniques for multivariate data analysis, including MANOVA, factor analysis, and principal component analysis (PCA). It also covers classification methods like cluster and discriminant analysis, as well as multidimensional scaling and latent class analysis
 LEARNING OUTCOMES
At the end of this module, you will be able to:
1. [image: A blue clipboard with a check mark

Description automatically generated]Describe the key principles and applications of multivariate techniques such as MANOVA, MANCOVA, and factor analysis.
2. Explain the steps involved in conducting principal component analysis (PCA) and multidimensional scaling for data reduction and interpretation.
3. Analyze multivariate datasets using classification methods, including cluster and discriminant analysis, to identify patterns and groupings.
4. Assess the fit and interpret the results of latent class analysis models in complex data structures.
    LEARNING ACTIVITIES/TASK LIST
1. Watch Lecture Video[image: Shape

Description automatically generated with low confidence]
2. Review power presentation PDF
3. Watch lecture related videos
4. Complete participation assignment:  Quiz 1
5. Complete personal introduction video
6. Review concept assignment : Quiz 2
INSTRUCTIONAL MATERIALS & LEARNING ACTIVITIES 




KEY PRINCIPLES AND APPLICATIONS OF MULTIVARIATE TECHNIQUES
Multivariate Analysis of Variance (MANOVA)
Principle:
MANOVA is an extension of ANOVA that allows for the analysis of multiple dependent variables simultaneously. It assesses whether the mean vectors of the groups differ on a combination of dependent variables.
Equation:
Let Y =[Y1, Y2,…..,Ym) be a matrix of dependent variables and X=(X1,X2,…Xp) a matrix of independent variables. MANOVA tests the null hypothesis that:
Ho: μ1= μ2=…= μg
Where μi is the mean vector for group i, and g is the number of groups.
The key test statistics include:
· Wilks’ Lambda (Λ): Measures how well the group means separate, calculated as:
  
where W is the within-group variance matrix, and T is the total variance matrix.
Application:
MANOVA is commonly used when analyzing how a set of treatments affects multiple outcome variables, such as in psychological testing or educational research where multiple cognitive abilities are measured.
Multivariate Analysis of Covariance (MANCOVA)
Principle:
MANCOVA extends MANOVA by including covariates, which helps control for confounding variables. This improves the ability to detect group differences in the dependent variables.
Equation:
The model includes covariates CCC in addition to independent variables XXX, adjusting the dependent variables:
Yadj=Y−BC⋅C
Where BC ​ are the regression coefficients for the covariates, and Yadj ​ are the adjusted dependent variables.
Application:
MANCOVA is used when there are known confounding variables that might affect the relationship between the dependent and independent variables, such as controlling for age or socioeconomic status in educational studies.
Factor Analysis
Principle:
Factor analysis is a technique used to identify underlying latent variables (factors) that explain the patterns of correlations among observed variables. It reduces dimensionality by identifying groups of correlated variables.
Equation:
The factor model is represented as:
X=LF+e
Where:
· X is a vector of observed variables,
· L is the loading matrix (coefficients linking factors to observed variables),
· F is the vector of latent factors, and
· e is the vector of error terms.
Application:
Factor analysis is often used in psychology and social sciences to identify underlying constructs such as intelligence or personality traits from a set of observable measurements.

2. STEPS IN PRINCIPAL COMPONENT ANALYSIS (PCA) AND MULTIDIMENSIONAL SCALING (MDS)
Principal Component Analysis (PCA)
Principle:
PCA is a method used to reduce the dimensionality of a dataset while preserving as much variance as possible. It creates new variables (principal components) that are linear combinations of the original variables.
Steps and Equations:
1. Standardize the data to have zero mean and unit variance.
2. Compute the covariance matrix Σ.

3. Eigen decomposition of the covariance matrix Σ to obtain eigenvalues λi ​ and eigenvectors vi
4. Project the data onto the principal components:
Z=XV
Where V is the matrix of eigenvectors.
Application:
PCA is widely used in image processing, bioinformatics, and finance to reduce the complexity of large datasets by capturing the most significant patterns.
2.2 Multidimensional Scaling (MDS)
Principle:
MDS is a technique used to visualize the similarity or dissimilarity of data points in a low-dimensional space, often used in exploratory data analysis.
Steps and Equations:
1. Compute the distance matrix D representing the pairwise distances between all points in the dataset.

2. Double center the distance matrix to transform distances into scalar products:

Where H is the centering matrix.
3. Eigenvalue decomposition of B gives the coordinates in the low-dimensional space.
Application:
MDS is used in psychology, marketing, and biology to visualize relationships between items or individuals based on similarity judgments or distances.

3. CLASSIFICATION METHODS: CLUSTER AND DISCRIMINANT ANALYSIS
3.1 Cluster Analysis
Principle:
Cluster analysis groups a set of objects in such a way that objects within the same group (cluster) are more similar to each other than to those in other groups.
Equation (K-Means Clustering): The objective function minimizes the sum of squared distances between each data point and its corresponding cluster centroid:

Where Ci ​ represents the i-th cluster and μi​ is the centroid of that cluster.
Application:
Cluster analysis is widely used in customer segmentation, market research, and image recognition.
3.2 Discriminant Analysis
Principle:
Discriminant analysis is a classification technique that finds the linear combinations of features that best separate two or more classes.
Equation (Linear Discriminant Function):
Z=wTx
Where w is the vector of discriminant coefficients and x is the vector of predictors.
Application:
Discriminant analysis is used in medical diagnostics, credit scoring, and facial recognition for classification tasks.

4. LATENT CLASS ANALYSIS (LCA)
Principle:
Latent Class Analysis (LCA) is used to identify unobservable subgroups (latent classes) within a population based on observed categorical data.
Equation:
The probability of a response pattern y is modeled as:

Where C represents the latent class, and P(yj∣C=c) is the conditional probability of response yj​ given class C
Steps in Model Fitting:
1. Estimate latent class probabilities P(C=c)
2. Estimate item-response probabilities P(yj∣C=c)
3. Maximize the likelihood function using Expectation-Maximization (EM) algorithm.
Application:
LCA is used in marketing research, social sciences, and epidemiology to identify latent subgroups within a population.
Assessing Model Fit:
Common fit statistics include the Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC), which balance model fit and complexity.

MASTERY  EXERCISE
 
Test your understanding!
What is the main purpose of Multivariate Analysis of Variance (MANOVA)?
a) To control for confounding variables in a multivariate analysis
b) To assess the difference between group means for a single dependent variable
c) To analyze multiple dependent variables simultaneously and assess group differences
d) To measure the strength of association between two categorical variables
Answer: c) To analyze multiple dependent variables simultaneously and assess group differences
In Principal Component Analysis (PCA), which of the following is used to transform data into new variables (principal components)?
a) Covariance matrix and Eigen decomposition
b) Mean and Variance decomposition
c) Factor loading matrix
d) Regression coefficients of covariates
Answer: a) Covariance matrix and Eigen decomposition
Multidimensional Scaling (MDS) is primarily used to:
a) Reduce the number of dependent variables in a regression model
b) Visualize similarities or dissimilarities between data points in a low-dimensional space
c) Cluster data into different groups based on similarity
d) Classify data points based on a set of discriminant functions
Answer: b) Visualize similarities or dissimilarities between data points in a low-dimensional space
The objective of K-Means Clustering is to:
a) Maximize the distance between cluster centroids
b) Minimize the sum of squared distances between data points and their respective cluster centroids
c) Maximize the variance of the features within each cluster
d) Assign each point to the cluster with the largest variance
Answer: b) Minimize the sum of squared distances between data points and their respective cluster centroids
5. In Latent Class Analysis (LCA), what does the probability P(C=c)P(C=c)P(C=c) represent?
a) The conditional probability of observing a response pattern given a latent class
b) The overall likelihood of the latent class model
c) The probability of belonging to latent class c
d)The probability of observing a specific dependent variable response
Answer: c) The probability of belonging to latent class c
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CASE STUDY: MULTIVARIATE ANALYSIS FOR MARKET RESEARCH AND CONSUMER BEHAVIOR
Case Study Overview:
You have been hired as a consultant by a multinational retail company to analyze its customer base. The company wants to understand customer behavior, segment customers into meaningful groups, and assess factors influencing their purchasing decisions. You are provided with a dataset containing demographic, purchase, and feedback information on 1,000 customers. Your task is to apply multivariate analysis techniques such as MANOVA, PCA, cluster analysis, and latent class analysis to derive insights that can help the company develop targeted marketing strategies.
Objectives:
1. Understand customer segments based on multiple characteristics such as age, income, purchasing frequency, and satisfaction ratings.
2. Identify the relationship between customer demographics and purchasing behavior (e.g., spending amounts, product preferences).
3. Reduce the complexity of the data while retaining the most relevant information for decision-making.
4. Classify customers into distinct groups that exhibit similar behavior for personalized marketing efforts.
Dataset Variables:
· Age: Customer’s age (continuous variable).
· Income: Annual income (continuous variable).
· Frequency: Number of purchases made in the last 6 months.
· Product Preference: Customer's rating of product categories (e.g., electronics, fashion) on a scale of 1 to 5.
· Satisfaction Score: Customer's satisfaction with their overall shopping experience (scale of 1 to 10).
· Total Spending: Amount spent in the last 6 months.

STEPS TO SOLVE THE CASE STUDY:
1. Step 1: Multivariate Analysis of Variance (MANOVA)
Objective:
Determine if customer groups defined by demographic variables (such as age and income) differ significantly in terms of multiple dependent variables like purchasing frequency, satisfaction, and spending.
Requirements:
· Use MANOVA to test whether age and income groups significantly differ in customer satisfaction and total spending.
· Conduct hypothesis testing for each dependent variable, checking assumptions like multicollinearity and homogeneity of variances.
Solution Approach:
· Organize the data into different age and income groups (e.g., low, medium, high).
· Run a MANOVA using age and income as independent variables and satisfaction and total spending as dependent variables.
· Evaluate the significance using Wilks’ Lambda.

2. Step 2: Principal Component Analysis (PCA)
Objective:
Reduce the complexity of customer data by identifying key factors that summarize patterns across multiple variables (e.g., product preference ratings).
Requirements:
· Perform PCA to reduce the dimensionality of product preferences and satisfaction ratings while maintaining the majority of the variance.
· Interpret the first few principal components and explain their meaning in the context of customer behavior.
Solution Approach:
· Standardize the data for product preferences and satisfaction scores.
· Perform PCA and extract eigenvalues and eigenvectors to determine how much variance each principal component explains.
· Use a scree plot to determine how many components to retain (e.g., retain components that explain 80% of the variance).
· Interpret the loadings of the retained components.

3. Step 3: Cluster Analysis
Objective:
Segment customers into groups based on their purchasing behavior and demographics.
Requirements:
· Apply K-means clustering to divide customers into distinct groups based on age, income, purchasing frequency, and spending.
· Determine the optimal number of clusters using methods like the elbow method or silhouette scores.
· Profile the customer segments to identify common characteristics.
Solution Approach:
· Normalize the variables (age, income, frequency, spending).
· Apply the K-means algorithm and assess cluster separation using within-cluster sum of squares (WCSS).
· Assign customers to clusters and interpret the characteristics of each group (e.g., high-income frequent shoppers, low-income occasional shoppers).

4. Step 4: Latent Class Analysis (LCA)
Objective:
Classify customers into latent classes based on categorical data (e.g., satisfaction ratings, product preferences).
Requirements:
· Use latent class analysis to identify unobservable (latent) subgroups within the customer population based on product preferences.
· Assess model fit using metrics like the Bayesian Information Criterion (BIC).
· Interpret and describe the latent classes.
Solution Approach:
· Categorize satisfaction and product preference ratings into high/low or positive/negative responses.
· Fit an LCA model with different numbers of latent classes (e.g., 2-class, 3-class models).
· Compare the models using BIC and interpret the final latent classes (e.g., "highly satisfied, tech enthusiasts" vs. "low satisfaction, fashion shoppers").

CASE STUDY REQUIREMENTS:
1. Data Preparation:
· Clean the dataset by removing any missing or outlier values.
· Ensure all variables are properly scaled or transformed for the techniques (e.g., standardization for PCA, normalization for clustering).
2. Software/Tools:
· Use statistical software such as R, SPSS, Stata, or Python libraries (e.g., Scikit-learn for clustering, statsmodels for MANOVA, PCA) for analysis.
3. Interpretation of Results:
· Provide a written interpretation of the output from each technique, focusing on the practical implications for the company.
· Ensure that the final recommendations are actionable for marketing or operational strategies.
4. Deliverables:
· A report summarizing the results of MANOVA, PCA, cluster analysis, and LCA.
· Visualizations such as biplots (for PCA), dendrograms (if hierarchical clustering is applied), and tables of cluster profiles.
· A set of actionable recommendations for customer segmentation and targeted marketing
	
	QUIZ/ Questions


 
Check Point! Check your understanding
In the MANOVA step of the case study, which of the following are the dependent variables?
a) Age and income
b) Customer satisfaction and total spending
c) Product preference and purchasing frequency
d) Customer demographics and total spending
Answer: b) Customer satisfaction and total spending

2. When performing Principal Component Analysis (PCA) in the case study, what is the primary goal?
a) Maximize the number of components extracted from the data
b) Group customers based on their purchasing behavior
c) Reduce the number of variables while retaining most of the data's variance
d) Minimize the variance in the dataset
Answer: c) Reduce the number of variables while retaining most of the data's variance

3. Which of the following methods can be used to determine the optimal number of clusters in the K-means clustering step of the case study?
a) Scree plot
b) Wilks’ Lambda
c) Bayesian Information Criterion (BIC)
d) Elbow method
Answer: d) Elbow method

4. In the Latent Class Analysis (LCA) part of the case study, what is the primary purpose of this technique?
a) Identify unobserved subgroups (latent classes) within the customer data
b) Maximize the distance between latent variables
c) Minimize the sum of squared errors for customer satisfaction
d) Standardize the data before performing clustering
Answer: a) Identify unobserved subgroups (latent classes) within the customer data

5. In the case study, which multivariate technique is used to test whether age and income groups differ significantly in terms of satisfaction and total spending?
a) Principal Component Analysis (PCA)
b) Latent Class Analysis (LCA)
c) Multivariate Analysis of Variance (MANOVA)
d) Cluster Analysis
Answer: c) Multivariate Analysis of Variance (MANOVA)

	
	READING MATERIAL 1


 
 To enhance your knowledge about Multivariate analysis, kindly read this article about multivariate data analysis. Please make short notes as you read through the article.
 
https://www.drnishikantjha.com/papersCollection/Multivariate%20Data%20Analysis.pdf

 
 
 
	
	(An article, a book chapter…)


 
 
ACTIVITY 3: PRACTICAL SKILLS
 
	
	VIDEO 1: Demonstration of practical use of knowledge acquired



Task Overview:
Each team will be given a dataset that contains information on customer demographics, purchasing behavior, satisfaction scores, and product preferences from a retail company. The teams must apply the following multivariate analysis techniques:
1. MANOVA to assess differences between customer groups.
2. Principal Component Analysis (PCA) for data reduction and identifying the key factors influencing customer behavior.
3. Cluster Analysis to segment customers based on their characteristics.
4. Latent Class Analysis (LCA) to uncover unobserved subgroups within the data based on categorical responses.

STEPS FOR THE TASK:
1. Data Preparation and Cleaning:
· Clean the dataset by handling missing values and normalizing the variables where necessary.
· Ensure all data is in the correct format for the analysis techniques (e.g., scaling for PCA, transforming categorical variables for LCA).
2. MANOVA:
· Divide the customers into groups based on demographic factors (e.g., age, income) and perform MANOVA to determine whether these groups significantly differ in terms of their satisfaction and purchasing behavior.
· Deliverable: Report the results of the MANOVA, including significance tests (e.g., Wilks’ Lambda) and interpretations.
3. Principal Component Analysis (PCA):
· Apply PCA to the variables related to product preferences and satisfaction scores to reduce the data complexity while retaining the most variance.
· Deliverable: Provide a scree plot and interpret the principal components, explaining what each component represents in terms of customer behavior.
4. Cluster Analysis:
· Use K-means clustering or hierarchical clustering to segment the customers based on their purchasing behavior, satisfaction scores, and demographics.
· Identify the optimal number of clusters using the elbow method or silhouette scores.
· Deliverable: Present the final clusters, describing the characteristics of each customer segment (e.g., "high-spending, low-satisfaction" vs. "low-spending, high-satisfaction" groups).
5. Latent Class Analysis (LCA):
· Perform LCA to identify latent subgroups in the customer base based on categorical variables such as product preferences and satisfaction ratings.
· Assess model fit using BIC or AIC and interpret the latent classes.
· Deliverable: Present the results of the latent class analysis, describing the subgroups and their significance for marketing strategy.
6. Team Presentation:
· Prepare a 10-15 minute presentation summarizing the team's findings, including visualizations (e.g., scree plots, dendrograms, cluster profiles, etc.).
· Make recommendations for the retail company based on the multivariate analyses, such as potential customer targeting strategies or product improvements.
· Deliverable: A PowerPoint presentation and a written report (maximum 10 pages).

DELIVERABLES AND REQUIREMENTS:
1. Data Analysis Report:
Each team must submit a report that contains:
· A summary of the data preparation process.
· MANOVA results, including significance tests and their interpretation.
· PCA results with visualizations (e.g., scree plot) and interpretation of principal components.
· Cluster analysis results, including the method used, number of clusters, and a description of each cluster.
· Latent Class Analysis results, including the interpretation of latent classes and model fit indices.
2. Presentation:
Each team will present their findings and recommendations to the class. The presentation should:
· Highlight key findings from each analysis.
· Include visuals like PCA plots, cluster maps, or LCA results.
· Provide actionable insights and recommendations for the company based on the analysis.
.  
ACTIVITY 4: ONLINE DISCUSSION
  
	
	Use chats, forum, question/answer, message my teacher to engage others.



Discussion forum:
 
In your group discussion, analyze how multivariate techniques (MANOVA, PCA, Cluster Analysis, and LCA) can be applied to segment customers, identify key factors influencing satisfaction, and provide actionable recommendations for the company’s marketing strategies. Focus on explaining your methodology, findings, and the practical implications of each technique.
 
REFERENCE LIST AND FURTHER READING
CORE TEXTS:
1. Tabachnick, B. G., Fidell, L. S., & Ullman, J. B. (2013). Using multivariate statistics (Vol. 6, pp. 497-516). Boston, MA: pearson.
2. Afifi, A., May, S., Donatello, R., & Clark, V. A. (2019). Practical multivariate analysis. Chapman and Hall/CRC..
3. Vehkalahti, K., & Everitt, B. S. (2018). Multivariate analysis for the behavioral sciences. CRC Press.
RECOMMENDED TEXTS:
1. Xun, P., & He, Q. (2017). Multivariate analysis. Handbook on Medical Statistics. Singapore: World Scientific Publishing Co pte Ltd, 103-144. 
2. Pituch, K. A., & Chang, W. (2018). Multivariate Analysis of Variance. In The Reviewer’s Guide to Quantitative Methods in the Social Sciences (pp. 348-361). Routledge. 
3. Sadik, N. J., & Alwan, I. M. (2020). Applied multivariate analysis of variance in experiment of randomized design. Periodicals of Engineering and Natural Sciences, 8(1), 365-373.
OPEN EDUCATIONAL RESOURCES (OERS):
1. https://medium.com/nerd-for-tech/everything-about-manova-and-mancova-4c1c237af464
2. https://www.ncss.com/software/ncss/multivariate-analysis-in-ncss/
3. https://web.pdx.edu/~newsomj/mvclass/ho_manova.pdf
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	MODULE 10:  STRUCTURAL EQUATION MODELLING (SEM)


 INSTRUCTIONAL HOURS: 4, 5 or 6
 MODULE OVERVIEW
This module focuses on Structural Equation Modelling (SEM), exploring techniques such as path analysis, confirmatory factor analysis (CFA), and the development of comprehensive SEM models for advanced statistical analysis.
 LEARNING OUTCOMES
At the end of this module, you will be able to:
1. Describe the principles of path analysis and its application in SEM.
2. Analyze the steps involved in conducting confirmatory factor analysis (CFA).
3. Evaluate the effectiveness of SEM models in advanced statistical research.
4. Assess the suitability of SEM for different types of empirical research.
    LEARNING ACTIVITIES/TASK LIST
1. Watch Lecture Video[image: Shape

Description automatically generated with low confidence]
2. Review power presentation PDF
3. Watch lecture related videos
4. Complete participation assignment:  Quiz 1
5. Complete personal introduction video
6. Review concept assignment : Quiz 2
INSTRUCTIONAL MATERIALS & LEARNING ACTIVITIES 




STRUCTURAL EQUATION MODELLING
INTRODUCTION TO STRUCTURAL EQUATION MODELLING (SEM)
Structural Equation Modelling (SEM) is a powerful statistical technique that combines elements of factor analysis and multiple regression. It is used to analyze structural relationships between measured variables and latent constructs. SEM allows researchers to examine complex relationships and model mediating variables, thus providing a comprehensive understanding of underlying data patterns.
CONDUCTING PATH ANALYSIS AND CONFIRMATORY FACTOR ANALYSIS (CFA)
Path Analysis
Path analysis is a subset of SEM that focuses on the direct and indirect relationships among observed variables. It extends multiple regression by allowing for the modeling of complex relationships and feedback loops.
Key Concepts:
· Observed Variables: These are directly measured in the study (e.g., survey responses).
· Direct Effects: The impact of one variable on another without mediation.
· Indirect Effects: The impact of one variable on another through one or more mediating variables.
Path Analysis Equation: 
…..+
Where:
· Y = Dependent variable
· X1,X2,…,Xn​ = Independent variables
· β0​ = Intercept
· β1,β2,…,βn ​ = Regression coefficients
· ϵ = Error term
Example Path Diagram:
· Variables are represented by nodes.
· Relationships are represented by arrows.
· Direct effects are shown by single-headed arrows.
· Indirect effects involve multiple paths.
Confirmatory Factor Analysis (CFA)
CFA is used to test whether the data fit a hypothesized measurement model. It verifies the factor structure of a set of observed variables and ensures that each variable loads significantly on the expected latent construct.
Key Concepts:
· Latent Variables: Variables that are not directly observed but are inferred from measured variables.
· Factor Loadings: The coefficients that represent the relationship between observed variables and their underlying latent factors.
CFA Equation: yi=λiη+ϵi 
Where:
· yi​ = Observed variable
· λi​ = Factor loading
· η = Latent variable
· ϵi​ = Measurement error
Example CFA Model:
· Latent variables are represented by circles.
· Observed variables are represented by squares.
· Factor loadings are represented by arrows from latent to observed variables.
DEVELOPING FULL SEM MODELS FOR ADVANCED STATISTICAL ANALYSIS
Full SEM models combine both the measurement model (CFA) and the structural model (path analysis) to provide a holistic approach to analyzing complex relationships among variables.
Key Concepts:
· Measurement Model: Specifies the relationships between observed variables and latent constructs.
· Structural Model: Specifies the relationships among latent constructs.
Measurement Model Equation: 
Y=ΛYη+ϵ 
Where:
· Y = Vector of observed variables
· ΛY​ = Matrix of factor loadings
· η = Vector of latent variables
· ϵ = Vector of measurement errors
Structural Model Equation: 
η=Bη+Γξ+ζ
 Where:
· η = Vector of endogenous latent variables
· B = Matrix of regression coefficients among endogenous latent variables
· Γ = Matrix of regression coefficients relating exogenous latent variables (ξ) to endogenous latent variables (η)
· ζ = Vector of errors in the structural model
Example Full SEM Model:
· Combines the CFA model and the path analysis model.
· Includes both measurement and structural relationships.
· Allows for testing complex hypotheses about the data.
PRACTICAL APPLICATIONS AND CONSIDERATIONS
Steps in SEM:
1. Model Specification: Define the theoretical model based on theory or previous research.
2. Model Identification: Ensure the model is mathematically identifiable.
3. Model Estimation: Use software (e.g., AMOS, LISREL) to estimate the parameters.
4. Model Testing: Assess the model fit using indices like Chi-square, RMSEA, CFI, and TLI.
5. Model Modification: Modify the model if necessary based on modification indices and theory.
Common Fit Indices:
· Chi-Square Test: Tests the null hypothesis that the model fits the data.
· Root Mean Square Error of Approximation (RMSEA): Measures model fit per degree of freedom.
· Comparative Fit Index (CFI): Compares the fit of the target model to an independent model.
· Tucker-Lewis Index (TLI): Adjusts the CFI for model complexity.

MASTERY  EXERCISE
 
Test your understanding!
What is Structural Equation Modelling (SEM)?
a) A technique for analyzing only simple relationships among variables
b) A statistical method combining elements of factor analysis and multiple regression to examine complex relationships
c) A method solely for conducting confirmatory factor analysis
d) A technique used exclusively for direct effects analysis
Answer: b) A statistical method combining elements of factor analysis and multiple regression to examine complex relationships
In Path Analysis, what are direct effects?
a) The impact of one variable on another without mediation
b) The impact of one variable on another through one or more mediating variables
c) The overall relationship among all observed variables
d) The errors in the structural model
Answer: a) The impact of one variable on another without mediation
Which of the following equations represents the path analysis model?
a) yi=λiη+ϵi
b) η=Bη+Γξ+ζ
c) …..+
d) Y=ΛYη+ϵ 
Answer: c) …. +
In Confirmatory Factor Analysis (CFA), what are latent variables?
a) Variables that are directly observed and measured in a study
b) Variables that are not directly observed but are inferred from measured variables
c) The coefficients that represent the relationship between observed variables
d) Errors in the measurement model
Answer: b) Variables that are not directly observed but are inferred from measured variables
Which of the following steps is NOT part of the SEM process?
a) Model Specification
b) Model Identification
c) Model Simplification
d) Model Testing
Answer: c) Model Simplification
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Case Study: Application of Structural Equation Modelling (SEM) in Understanding Customer Satisfaction in E-commerce
CASE STUDY OVERVIEW
Title: Understanding Customer Satisfaction in E-commerce through Structural Equation Modelling (SEM)
Objective: To apply SEM to analyze the relationships between observed and latent variables that influence customer satisfaction in e-commerce platforms.
BACKGROUND
Customer satisfaction in e-commerce is a complex phenomenon influenced by various factors such as website usability, product quality, delivery service, customer service, and price fairness. Understanding these relationships can help e-commerce companies improve their services and increase customer satisfaction.
REQUIREMENTS
1. Data Collection:
· Gather data through a survey targeting e-commerce customers.
· Develop a questionnaire including items for observed variables such as website usability, product quality, delivery service, customer service, price fairness, and overall customer satisfaction.
2. Software:
· Use SEM software such as AMOS, LISREL, or Mplus.
3. Skills:
· Knowledge of SEM principles, path analysis, and confirmatory factor analysis.
· Ability to interpret statistical results and model fit indices.
STEPS TO SOLVE THE CASE STUDY
1. Define the Theoretical Model:
· Identify latent variables (e.g., Customer Satisfaction, Website Usability, Product Quality).
· Hypothesize the relationships among latent variables based on existing literature.
2. Develop the Measurement Model:
· Specify the relationships between observed variables (survey items) and latent constructs.
· Example: Customer Satisfaction could be measured by items related to satisfaction with website usability, product quality, delivery service, and customer service.
3. Collect Data:
· Administer the survey to a sample of e-commerce customers.
· Ensure a sufficient sample size for SEM analysis (recommended minimum of 200 responses).
4. Specify the Structural Model:
· Define the structural relationships among latent variables.
· Example: Hypothesize that Website Usability and Product Quality directly influence Customer Satisfaction, while Delivery Service and Customer Service have indirect effects mediated by Product Quality.
5. Model Identification and Estimation:
· Ensure the model is identifiable (i.e., there are enough data points to estimate the parameters).
· Use SEM software to estimate the model parameters.
6. Model Testing:
· Assess the model fit using fit indices such as Chi-square, RMSEA, CFI, and TLI.
· Example criteria: RMSEA < 0.08, CFI > 0.90, TLI > 0.90.
7. Model Modification:
· Based on the modification indices and theoretical justification, make necessary adjustments to improve the model fit.
8. Interpret Results:
· Analyze the direct, indirect, and total effects of latent variables on customer satisfaction.
· Provide insights into which factors are most influential in determining customer satisfaction.
EXPECTED OUTCOME
· A well-specified SEM model that fits the data well.
· A comprehensive understanding of the direct and indirect factors affecting customer satisfaction in e-commerce.
· Recommendations for e-commerce companies to enhance customer satisfaction based on the model findings.
EXAMPLE CASE STUDY SCENARIO
Hypothesized Model:
· Latent Variables: Customer Satisfaction (CS), Website Usability (WU), Product Quality (PQ), Delivery Service (DS), Customer Service (CSv), Price Fairness (PF).
· Measurement Items: Survey questions/items measuring each latent variable.
Hypothesized Relationships:
· WU, PQ, DS, and CSv directly influence CS.
· DS and CSv have indirect effects on CS mediated by PQ.
Survey Questions (Examples):
· Website Usability: "The website is easy to navigate."
· Product Quality: "The products I purchased meet my expectations."
· Delivery Service: "The delivery service was timely."
· Customer Service: "The customer service was helpful and responsive."
· Price Fairness: "The prices of products are fair."
· Customer Satisfaction: "Overall, I am satisfied with my experience on this e-commerce platform."
STUDENTS' TASKS
1. Design and Administer the Survey:
· Develop a comprehensive questionnaire.
· Ensure clarity and relevance of survey items.
2. Data Analysis:
· Input survey data into the SEM software.
· Conduct path analysis and confirmatory factor analysis.
· Interpret the results and assess model fit.
3. Report Writing:
· Document the methodology, analysis, and findings.
· Provide actionable recommendations for e-commerce companies
	
	QUIZ/ Questions


 
Check Point! Check your understanding
What is the primary purpose of Structural Equation Modelling (SEM)?
a) To analyze simple relationships among observed variables
b) To combine elements of factor analysis and multiple regression to analyze complex relationships
c) To conduct only exploratory factor analysis
d) To perform basic statistical tests
Answer: b) To combine elements of factor analysis and multiple regression to analyze complex relationships
Which of the following is a key concept in Path Analysis?
a) Latent Variables
b) Observed Variables
c) Factor Loadings
d) Measurement Errors
Answer: b) Observed Variables
In Confirmatory Factor Analysis (CFA), what does a factor loading represent?
a) The relationship between observed variables and their underlying latent factors
b) The error term in the measurement model
c) The direct effect between two observed variables
d) The impact of one variable on another without mediation
Answer: a) The relationship between observed variables and their underlying latent factors
What is an example of a direct effect in Path Analysis?
a) The impact of customer service on customer satisfaction through product quality
b) The relationship between survey responses and overall satisfaction
c) The impact of website usability directly on customer satisfaction without any mediating variables
d) The error term associated with the measurement model
Answer: c) The impact of website usability directly on customer satisfaction without any mediating variables
Which of the following is NOT a common fit index used to assess model fit in SEM?
a) Chi-square Test
b) Root Mean Square Error of Approximation (RMSEA)
c) Comparative Fit Index (CFI)
d) Cronbach's Alpha
Answer: d) Cronbach's Alpha
	
	READING MATERIAL 1


 
To enhance your knowledge about Structural Equation Modelling (SEM), kindly read this article about an introduction to structural equation modeling.
 
https://link.springer.com/chapter/10.1007/978-3-030-80519-7_1
 
  
	
	(An article, a book chapter…)


 
 
ACTIVITY 3: PRACTICAL SKILLS
 
	
	VIDEO 1: Demonstration of practical use of knowledge acquired


.
CASE STUDY: ANALYZING EMPLOYEE SATISFACTION IN A TECH COMPANY USING SEM
Objective:
To apply Structural Equation Modelling (SEM) to analyze the factors influencing employee satisfaction in a tech company. This task will demonstrate practical knowledge in multivariate analysis, particularly in SEM, path analysis, and confirmatory factor analysis (CFA).
Team Composition:
Each team should consist of 3-4 members with the following roles:
1. Survey Designer: Responsible for creating and distributing the survey.
2. Data Manager: Responsible for data collection and preparation.
3. SEM Analyst: Responsible for specifying and estimating the SEM model.
4. Report Writer: Responsible for documenting findings and writing the final report.
Task Overview:
1. Survey Design and Data Collection:
· Develop a questionnaire targeting tech company employees.
· Include items measuring latent variables such as Job Satisfaction, Work Environment, Management Support, Work-Life Balance, and Career Development Opportunities.
· Administer the survey to gather at least 150 responses.
2. Data Preparation:
· Clean and prepare the collected data for analysis.
· Ensure the data is suitable for SEM analysis (e.g., handling missing values, normality checks).
3. Model Specification:
· Define the theoretical model based on existing literature and hypotheses about relationships among the latent variables.
· Specify both the measurement model (CFA) and the structural model (path analysis).
4. Model Estimation and Testing:
· Use SEM software (e.g., AMOS, LISREL, or Mplus) to estimate the parameters of the model.
· Assess the model fit using indices such as Chi-square, RMSEA, CFI, and TLI.
· Modify the model if necessary to improve fit based on modification indices and theoretical justification.
5. Analysis and Interpretation:
· Analyze the direct, indirect, and total effects of the latent variables on employee satisfaction.
· Provide a detailed interpretation of the results, highlighting the most influential factors.
6. Reporting:
· Document the methodology, analysis, and findings in a comprehensive report.
· Include visual representations of the SEM model, such as path diagrams.
· Provide actionable recommendations for improving employee satisfaction in the tech company.
Deliverables:
1. Survey Questionnaire: A copy of the questionnaire used for data collection.
2. Cleaned Data Set: The prepared data set used for SEM analysis.
3. SEM Model Output: Outputs from the SEM software, including model fit indices and path diagrams.
4. Final Report: A detailed report covering the methodology, analysis, findings, and recommendations.  
ACTIVITY 4: ONLINE DISCUSSION
  
	
	Use chats, forum, question/answer, message my teacher to engage others.



Discussion forum:
 
In your groups, discuss the practical skills acquired, the challenges encountered in analysis of SEMs and possible solutions.
 
REFERENCE LIST AND FURTHER READING
CORE TEXTS:
1. Thakkar, J. J. (2020). Structural equation modelling. Application for Research and Practice.
2. Barrett, P. (2007). Structural equation modelling: Adjudging model fit. Personality and Individual differences, 42(5), 815-824.
3. Kelloway, E. K. (1995). Structural equation modelling in perspective. Journal of Organizational behavior, 16(3), 215-224.
RECOMMENDED TEXTS:
1. Streiner, D. L. (2006). Building a better model: an introduction to structural equation modelling. The Canadian Journal of Psychiatry, 51(5), 317-324.
2. Bielby, W. T., & Hauser, R. M. (1977). Structural equation models. Annual review of sociology, 3, 137-161. 
3. Hoe, S. L. (2008). Issues and procedures in adopting structural equation modelling technique. Journal of Quantitative Methods, 3(1), 76.
OPEN EDUCATIONAL RESOURCES (OERS):
1. https://www.tandfonline.com/doi/full/10.1080/0142159X.2023.2263233
2. https://educationaltechnologyjournal.springeropen.com/articles/10.1186/s41239-019-0157-y
3. https://www.sciencedirect.com/science/article/pii/S0040162523003505
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	MODULE 11:  APPLIED STATISTICAL ANALYSIS


 INSTRUCTIONAL HOURS: 4, 5 or 6
 MODULE OVERVIEW
This module focuses on advanced statistical techniques for analyzing time series and cross-sectional data, with practical applications in empirical research and econometric modeling. 
Learning Outcomes
At the end of this module, you will be able to:
1. Describe time series components, models, and their practical applications, including moving averages and exponential smoothing.
2. Assess the stationarity of data using unit root tests, and evaluate cointegration and error correction models.
3. Analyze panel data using fixed effects, random effects, and dynamic panel data models.
4. Evaluate the application of advanced statistical techniques in empirical research for data interpretation and decision-making.
    LEARNING ACTIVITIES/TASK LIST
1. Watch Lecture Video[image: Shape
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2. Review power presentation PDF
3. Watch lecture related videos
4. Complete participation assignment:  Quiz 1
5. Complete personal introduction video
6. Review concept assignment : Quiz 2
INSTRUCTIONAL MATERIALS & LEARNING ACTIVITIES 
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Applied statistical analysis
1. Introduction to Time Series and Cross-Sectional Data
Time series data consists of observations on a variable or several variables over time, where the sequence of observations is crucial. Cross-sectional data, on the other hand, consists of data on multiple entities at a single point in time. The primary objective when analyzing time series data is to identify patterns, trends, and seasonal effects. Cross-sectional data analysis typically seeks to understand the relationships between variables at one time point.
2. Time Series Components and Models
Time series data can be decomposed into several components: trend, seasonal, cyclic, and irregular components. The primary models used in time series forecasting include moving averages and exponential smoothing.
Moving Averages
A moving average model smooths data by averaging over a window of observations. A simple moving average (SMA) is represented as:

where  represents the data at time t and n is the window size.
Exponential Smoothing
Exponential smoothing gives more weight to recent observations:

where 0<α<10 < is the smoothing factor.
3. Stationarity and Unit Root Tests
In time series analysis, stationarity is crucial because many statistical models assume that data properties do not change over time. A stationary series has a constant mean and variance.
Unit Root Test
The Augmented Dickey-Fuller (ADF) test is a common method to test for stationarity: 

 The null hypothesis is that the series contains a unit root, which means it is non-stationary.
4. Cointegration and Error Correction Models
Cointegration refers to a long-run equilibrium relationship between two or more non-stationary time series. Even if individual series are non-stationary, their linear combination might be stationary.
Cointegration Equation
If two time series  and  ​ are cointegrated, they share a long-run equilibrium relationship:

where ​ is a stationary error term
Error Correction Model (ECM)
ECMs capture both short-term dynamics and long-term equilibrium adjustments:

where λ represents the speed of adjustment towards the equilibrium.
5. Panel Data Analysis: Fixed and Random Effects Models
Panel data combines cross-sectional and time series data, offering more information and variation. It helps in controlling for individual heterogeneity.
Fixed Effects Model
The fixed effects model accounts for individual-specific characteristics that do not vary over time:

Where  represents the unobserved individual effect.
Random Effects Model
In a random effects model, individual-specific effects are assumed to be randomly distributed across entities:

Where  is a random individual-specific error term.
6. Dynamic Panel Data Models and Generalized Method of Moments (GMM)
Dynamic panel data models incorporate lagged dependent variables to account for time-dependent processes and potential autocorrelation.
Dynamic Panel Data Model
The general form of a dynamic panel data model is: 

The Generalized Method of Moments (GMM) is commonly used to estimate these models, particularly when endogeneity is an issue.
7. Application in Empirical Research
These methods are frequently applied in fields such as economics and finance. For instance, panel data models are commonly used to analyze the impact of financial development on economic growth, while time series methods like ARIMA or exponential smoothing are used in forecasting macroeconomic indicators.

MASTERY  EXERCISE
 
Test your understanding!
Question 1:
Which of the following equations represents a simple moving average (SMA) in time series analysis?
A)   
B)    
C)   
D)   
Answer: C) 

Question 2:
What is the null hypothesis for the Augmented Dickey-Fuller (ADF) test?
A) The series is stationary.
B) The series contains a unit root.
C) There is no relationship between variables.
D) The series is co-integrated.
Answer: B) The series contains a unit root.
Question 3:
Which model accounts for individual-specific characteristics that do not vary over time in panel data analysis?
A) Random effects model
B) Dynamic panel data model
C) Fixed effects model
D) Error correction model
Answer: C) Fixed effects model
Question 4:
In the Error Correction Model (ECM), the term λ\lambdaλ represents:
A) The lagged dependent variable.
B) The speed of adjustment towards equilibrium.
C) The short-run relationship between variables.
D) The random individual-specific effect.
Answer: B) The speed of adjustment towards equilibrium.
Question 5:
Which statistical method is typically used to estimate dynamic panel data models?
A) OLS (Ordinary Least Squares)
B) GMM (Generalized Method of Moments)
C) ADF (Augmented Dickey-Fuller)
D) Maximum Likelihood Estimation
Answer: B) GMM (Generalized Method of Moments)
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	Pre-recorded lecture on topic
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Case Study: Tax Policy Reforms in Kenya
CASE STUDY: ANALYZING TIME SERIES DATA IN STATA
Background:
You are a data analyst working for an economic research institute. Your task is to analyze the Gross Domestic Product (GDP) growth rates of a country over the last 40 years to forecast future growth trends and assess the stationarity of the time series. This analysis will help policymakers to make informed decisions on economic planning.
Objective:
In this case study, students will apply time series analysis techniques using Stata. You are required to perform stationarity tests, apply moving averages, and create a time series model to forecast future values based on past data.
Dataset:
The dataset contains two variables:
· year: The year of observation (1970-2023).
· gdp_growth: Annual GDP growth rate.
REQUIREMENTS FOR STUDENTS:
1. Visualizing the Time Series
· Use line plots to visualize GDP growth over time and identify any trends or seasonality.
· Stata Command:
tsset year
line gdp_growth year
2. Moving Averages
· Apply a 3-year moving average to smooth out the GDP growth series.
· Stata Command:
tsmovavg ma_gdp_growth = gdp_growth, ma(3)
line ma_gdp_growth year
3. Stationarity Test
· Conduct the Augmented Dickey-Fuller (ADF) test to determine whether the GDP growth rate is stationary or contains a unit root.
· Stata Command:
dfuller gdp_growth, lags(1)
· Interpret the test results and determine if the time series is stationary or requires differencing.
4. Creating a Time Series Model
· Build an AutoRegressive Integrated Moving Average (ARIMA) model for forecasting future GDP growth rates based on historical data.
· Stata Command:
arima gdp_growth, arima(1,1,1)
5. Forecasting Future GDP Growth
· Generate a forecast for the next 5 years using the fitted ARIMA model.
· Stata Command:
predict gdp_forecast, dynamic(year+5)
line gdp_forecast year
6. Conclusion
· Interpret the findings from the stationarity tests and the time series model. Discuss the potential policy implications of the forecasted GDP growth.
ADDITIONAL INSTRUCTIONS:
· Deliverables: Submit a report that includes Stata output, graphs, and interpretations of each step.
· Evaluation: You will be graded based on the correctness of your analysis, the clarity of your interpretation, and the insights you derive from the data
	
	QUIZ/ Questions


 
Check Point! Check your understanding
What is the primary purpose of using a moving average in time series analysis?
· A) To remove the trend from the data completely
· B) To smooth out short-term fluctuations and highlight longer-term trends
· C) To determine whether the data contains a unit root
· D) To create a forecast model based on past observations
Answer: B - The moving average is used to smooth out short-term fluctuations and highlight long-term trends in the data.
Which command in Stata is used to test for stationarity in the GDP growth data?
· A) tsset
· B) arima
· C) dfuller
· D) predict
Answer: C - The dfuller command is used to perform the Augmented Dickey-Fuller (ADF) test for stationarity.
In the ARIMA(1,1,1) model, what does the '1' in the middle represent?
· A) The order of autoregression
· B) The degree of differencing required to make the series stationary
· C) The order of the moving average
· D) The number of observations in the series
Answer: B - The middle '1' in ARIMA(1,1,1) indicates that the data is differenced once to achieve stationarity.
What is the primary objective of applying the Augmented Dickey-Fuller (ADF) test on time series data?
· A) To forecast future values of the time series
· B) To check for autocorrelation in the data
· C) To determine if the time series has a unit root and is non-stationary
· D) To identify the moving average order in the series
Answer: C - The ADF test is used to determine if a time series is non-stationary by checking for the presence of a unit root.
What Stata command would you use to generate forecasts after fitting an ARIMA model?
· A) tsline
· B) tsset
· C) forecast
· D) predict
Answer: D - The predict command is used in Stata to generate forecasts after fitting a time series model such as ARIMA
	
	READING MATERIAL 1


 
 To enhance your knowledge about time series models, kindly read this article. Please make short notes as you read through the article.
 
https://www.ctanujit.org/uploads/2/5/3/9/25393293/time_series.pdf
 
 
ACTIVITY 3: PRACTICAL SKILLS
 
CASE STUDY: ANALYZING PANEL DATA IN STATA
Background
You are a researcher investigating the impact of Foreign Direct Investment (FDI) and Institutional Quality (IQ) on the economic growth (GDP) of 10 countries over 15 years. Your dataset contains the following variables:
· country: Country identifier
· year: Year of observation
· GDP: Gross Domestic Product (dependent variable)
· FDI: Foreign Direct Investment (independent variable)
· IQ: Institutional Quality (independent variable)
· Population: Population (control variable)
Your objective is to analyze the relationship between FDI, IQ, and GDP using panel data analysis techniques in Stata, employing both fixed effects and random effects models, and determining which model fits better using the Hausman test.
TASKS AND REQUIREMENTS
1. Data Setup
· First, the data must be declared as panel data using the xtset command.
· Command: xtset country year
xtset country year
2. Descriptive Statistics
· Generate summary statistics for the key variables (GDP, FDI, IQ, and Population) to get an understanding of the data.
· Command: summarize
summarize GDP FDI IQ Population
3. Fixed Effects Model (FE)
· Estimate a fixed effects model to evaluate the impact of FDI and IQ on GDP while controlling for population. In this model, you assume that differences across countries are captured by country-specific effects.
· Command: xtreg with the fe option.
xtreg GDP FDI IQ Population, fe
4. Random Effects Model (RE)
· Estimate a random effects model, where you assume that country-specific differences are random and uncorrelated with the independent variables.
· Command: xtreg with the re option.
xtreg GDP FDI IQ Population, re
5. Hausman Test
· Conduct a Hausman test to determine whether the fixed effects or random effects model is more appropriate. The Hausman test checks whether the unique errors (unobserved country-specific factors) are correlated with the regressors.
· Command: hausman after estimating both models.
hausman
6. Breusch-Pagan Lagrange Multiplier (LM) Test
· To determine whether panel data analysis is necessary, perform the Breusch-Pagan LM test, which tests whether the variance across entities is significant. This will help assess whether you should use panel data models or simple OLS.
· Command: xttest0
xttest0
7. Robust Standard Errors
· To account for heteroskedasticity or autocorrelation in the panel data, estimate the fixed or random effects model with robust standard errors.
· Command: vce(robust)
xtreg GDP FDI IQ Population, fe vce(robust)
8. Dynamic Panel Data (Optional)
· If you're interested in including lagged dependent variables (GDP lagged by 1 year) to account for dynamics in the panel data, use the Arellano-Bond model (GMM).
· Command: xtabond
xtabond GDP L.GDP FDI IQ Population, robust
REQUIREMENTS FOR STUDENTS:
1. Data Preparation:
· Declare the dataset as panel data using the xtset command.
2. Model Estimation:
· Estimate both the fixed effects and random effects models for the given dataset using the xtreg command.
· Conduct a Hausman test to decide the better model.
· Interpret the model output and identify whether FDI and IQ have a statistically significant impact on GDP.
3. Model Diagnostics:
· Run the Breusch-Pagan LM test to confirm the necessity of panel data methods.
· Check for the presence of heteroskedasticity or autocorrelation using robust standard errors.
4. Report Writing:
· Summarize your results and explain whether fixed or random effects is the more appropriate model based on the Hausman test.
· Discuss the impact of FDI, IQ, and Population on GDP in the context of your findings.
· Present the interpretation of coefficients, R-squared, and any test statistics
	5. 
	QUIZ/ Questions


 
Check Point! Check your understanding
What is the purpose of the xtset command in Stata?
· A) To estimate the fixed effects model
· B) To declare the dataset as cross-sectional
· C) To declare the dataset as panel data
· D) To perform the Hausman test
Answer: C) To declare the dataset as panel data
Which of the following models assumes that country-specific effects are correlated with the independent variables?
· A) Random Effects Model
· B) Fixed Effects Model
· C) Ordinary Least Squares (OLS)
· D) Dynamic Panel Model
Answer: B) Fixed Effects Model
What does the Hausman test determine in panel data analysis?
· A) Whether to use robust standard errors
· B) Whether to use fixed effects or random effects
· C) Whether the dependent variable is stationary
· D) Whether lagged variables should be included
Answer: B) Whether to use fixed effects or random effects
Which command would you use to estimate a random effects model in Stata?
· A) xtreg, fe
· B) xtreg, re
· C) regress
· D) xtset
Answer: B) xtreg, re
What is the purpose of the Breusch-Pagan LM test in the context of panel data analysis?
· A) To test for heteroskedasticity
· B) To test for autocorrelation
· C) To test if a panel data model is necessary compared to OLS
· D) To test for the stationarity of variables
Answer: C) To test if a panel data model is necessary compared to OLS

ACTIVITY 4: ONLINE DISCUSSION
  
	
	Use chats, forum, question/answer, message my teacher to engage others.



Discussion forum:
 
In your groups, discuss the cross-sectional data analysis using SPSS.
 
REFERENCE LIST AND FURTHER READING
CORE TEXTS
1. Greene, W. H. (2012). Econometric analysis (7th ed.). Pearson Education.
2. Hyndman, R. J., & Athanasopoulos, G. (2018). Forecasting: Principles and practice (2nd ed.). OTexts.
3. Johansen, S. (1991). Estimation and hypothesis testing of cointegration vectors in Gaussian vector autoregressive models. Econometrica: Journal of the Econometric Society, 1551-1580.
4. Wooldridge, J. M. (2010). Econometric analysis of cross section and panel data (2nd ed.). MIT Press..
RECOMMENDED TEXTS
1. Arellano, M., & Bond, S. (1991). Some tests of specification for panel data: Monte Carlo evidence and an application to employment equations. The Review of Economic Studies, 58(2), 277-297.
2. Baltagi, B. H. (2008). Econometric analysis of panel data (4th ed.). John Wiley & Sons.
3. Chatfield, C. (2004). The analysis of time series: An introduction (6th ed.). CRC Press.
4. Dickey, D. A., & Fuller, W. A. (1979). Distribution of the estimators for autoregressive time series with a unit root. Journal of the American Statistical Association, 74(366), 427-431.
OPEN EDUCATIONAL RESOURCES (OERS)
1. Enders, W. (2014). Applied econometric time series (4th ed.). Wiley.
2. Engle, R. F., & Granger, C. W. J. (1987). Co-integration and error correction: Representation, estimation, and testing. Econometrica, 55(2), 251-276
TAKE HOME MESSAGE
Congratulations for successfully going through this module. Keep going! Kindly share your key learning experiences and take-home message?
 
  WHAT’S NEXT?
Keep the eye on the staircase to reach the next level!
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