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Introduction

Let H denote a Hilbert space and B(#) denote the Banach algebra of bounded linear
operators. If T € B(H), then T* denotes the adjoint of T, while Ker(T), Ran(T), M and M+
stands for the kernel of T, range of T, closure of M and orthogonal complement of a closed
subspace M of H, respectively. We denote by o(T), |l T || and W (T), the spectrum, norm and
numerical range of T, respectively.

By D ={1€C:|4] <1} and 0D = {4 € C: || = 1}, we denote the open unit disk and the
unit circle on the complex plane, respectively.

An operator T € B(H) is

unitary if T*T =TT* = 1.

an isometry if T*T = 1.

a co-isometry if TT* = I.

a contraction if | T II< 1.

nilpotent if T™ = 0 for some positive integer n. The least such n is called the order of
nilpotence of T.

Two operators A € B(H) and B € B(X) are said to be similar (denoted A ~ B) if there exists
an invertible operator N € B(J{, %) such that NA = BN or equivalently A = N~1BN, and are
unitarily equivalent (denoted by A = B)if there exists a unitary operator U € B, (H,¥X)
(Banach algebra of all invertible operators in B(#)) such that UA = BU (i.e. A= U"BU,
equivalently, A = U~1BU). Two operators A € B(H) and B € B(X) are said to be metrically

1 1
equivalent (denoted by A ~,, B) if Il Ax |l=Il Bx |l, (equivalently, |(Ax, Ax)|z = [(Bx, Bx)|2
for all x € H). The concept of metric equivalence of operators was introduced in [l Clearly
similarity, unitary equivalence and metric equivalence are equivalence relations on B(H).
Given a contraction T € B(H), both (I —T*T) and (I —TT ) are positive operators and

hence have unique square roots. We define D, = (I — T* T)z and Dy = (I —TT* )z and call
them the defect operators of T. Clearly, 0 < Dy, D+ < I. The closures of their ranges Dy =

Dy(H) and Dy =D (H) are called the defect spaces of T. The respective
dimensions(ranks) d; and d;- are called the defect indices of T. A contraction T € B(H) is
said to be completely non-unitary(c.n.u) if there exists no nontrivial reducing subspace of
M c H of T on which T acts unitarily (i.e. T|, is unitary), or equivalently if its unitary part
acts on the zero space {0}. Clearly, a contraction T € B(H) is c.n.u if T restricted to every
(non-zero T-reducing) subspace of H is non-unitary.
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It was observed in Bl that d = 0 characterizes isometric operators, whereas d; = d~ = 0 characterizes unitary operators and
that these numbers measure, in a sense, the deviation of the contraction T from being unitary.

For any contraction T € B(H) there exists a unique decomposition % = M, @ M such that TM, € M, and TM; € M; and
Ty = T|y, is unitary, whereas T; = T|,¢, is completely non-unitary (c.n.u).

Thus T has a unique decomposition as T =T, @ T;. This is the Nagy-Foias-Langer Decomposition (see) M. With this
decomposition, we observe that Dy = 0 @ Dy, = Dy, and Dy~ = 0 @ Dyy = Dy (where the second equality denotes "identified
with") and Dy = Dy, and D+ = Dr;. Obviously T is unitary if and only if Dy = Dy = {0}.

Considering the asymptotic behaviour of contractions, Sz.-Nagy and Foias ! introduced the following classes:
A contraction T € B(H) is of class:

Cy if Il T™x ll>> 0, strongly as n — oo forevery 0 #= x € H..

C,if || T*"x |l>> 0, strongly as n — oo for every 0 # x € .

Co. if Il T"x ll— 0, strongly as n — oo for every x € .

Co if Il T*"x [|- 0, strongly as n — oo for every x € L.

An operator T € B(H) is called a proper (or pure, strict) contraction if || Tx I<|l x |l, for every x € H. An operator-valued
analytic function ©: D — B(J, X) is said to be contractive if | ©()x 1< x |I, for all x € 7 and A2 € D and purely contractive
it 00y li<llyll,forall0#y € H.

2. Main Results

To every completely non-unitary (c.n.u) contraction T € B(H), Sz.-Nagy and Foias ! associated a contraction-valued
holomorphic function ©; on the open unit disk D = {4 € C:|1] < 1} on the complex plane. Such a function 0;(4): Dy — D=
defined for all A € D is given by

07(A) = {=T + AD7+ (I = AT*)"*Dr}lp,

This means that the values of (1) can be regarded as bounded operators from D into Dy+. We note that the characteristic
function of a c.n.u. contraction T is equivalent to the function in H* (B (D, Dr+) given by the same formula.

For any c.n.u. contraction T € B(H), itis clear that TD = D+T.

Remark. The Neumann series for (I — AT) ! is (I — AT)™ = [ + X A"T" for every A € C. Since 1 € D, we have |1| < 1.
Clearly since T is a contraction || AT ||l= |A| < 1, the Neumann series converges.

The characteristic function of a c.n.u contraction T is defined for the values A for which the operator (I — AT™) is boundedly
invertible.

We say that two operators A € B(H,;,H,) and B € B(¥;,%;) coincide if there exist unitary operators U:H, — H; and
V:¥, — X, such that VAU = B. Operator coincidence is an equivalence relation which is weaker than unitary equivalence. The
operator-valued functions 0(4): D — B(H;, H,) and W(1): D — B(¥,,K,) are said to coincide (denoted by © = W) if there
exist unitary operators U:H; — X, and V:H, — K, such that VO(1) = Y(1)U, for all 1 € D. Moreover, for a given
B(H;,H,)-valued purely contractive analytic function ©(4) defined on D, there exists a c.n.u. contraction T on some Hilbert
space such that @, (4) coincides with ©(1).

The mapping
G)T: D — B(DT, DT*)

is a contraction-valued (i.e. sup,ep Il ©7(4) I< 1), analytic function and by Wu B, ©,(0) = —T|p, is a pure contraction.

With the decomposition of a contraction T € B(H) given above @, decomposes as 0;(4) = 0,(4) @ 0,(4), where 9, is a
unitary constant (i.e. if ©(0) is a unitary operator from H onto ., then (1) = ©(0) for all A € D, function O is called a unitary
constant) and O, is pure (and hence called the pure part of 0), i.e. | ©,(0)x lI<Il x Il for all 0 = x € H. Thus, for all 1 € D,
oMM, € M, and ()M, € M.

For every contractive function ©(1): D — B(Dr, Dr-), there exists a unique decomposition Dy = Dy @ Dr,, D+ = Dz D
Dy, so that for every fixed 1, ©,(2): = 0(Dloy, has range in Dy and that ©;(1): = O(Dlp,, has range in Dy and that
09(1): D — B(Dr,, Dr;) is a unitary constant and that ©, (4): D — B(Dr,, Dy;) is a purely contractive function.

Theorem 2.1 Bl Let T € B(H) be a c.n.u contraction. Then || 6;(0)x lI<Il x || for all 0 # x € Dy.

Theorem 2.2 BI Two contractions T, € B(#;) and T, € B(7{,) are unitarily equivalent if their characteristic functions Or, and
Or, coincide.
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Proof. Suppose T, = UT,U", for some unitary operator U € B(#y,%,). By definition, Dy, = VD, and Dyy = WDy and
Or,(1) = WO (L)V*, where V = U|DT1, and W = UlDT*' Clearly V and W are unitary. This establishes the claim.
1

The converse of Theorem 2.2 is not true in general.
The characteristic function of a c.n.u contraction T is said to be constant if @(1) = ©,(0), for every 1 € D.

Theorem 2.3 If T € B(H) is an isometry then the characteristic function @y is identically zero almost everywhere.

Proof. We first prove the result for a unitary T. For a unitary operator T, D; = Dy« = 0 and D = D;H = {0}. Therefore, O, =
—T|p, = —Tlgy = 0, for all 2 € D. Since Dy = 0 for a unilateral shift T, we have Dy = {0} we also have © = 0. That is, 01 =
0 € B(Dy,Dr+) = B({0}, Ker(T)). Since by the von Neumann-Wold decomposition an isometry is a direct sum of a unitary and
a unilateral shift, the result follows.

Remark. Note that in the proof of Theorem 2.3 @, is constant since ©,(0) = ©,(4). From Theorem 2.3 we conclude that if T is
an isometry, then ©4(0) = (1), for 1 € D. That is, ©; is constant.

Theorem 2. 4 Let T € B(H). Then 0, (1) = k@T(EA),A € D holds for any k € 0.

Proof. By a simple computation and using the definition we have

Orr (1) = [kT + A(I — kETT*)%(I — (kDT — EkT*T)%nDT.

Since k € dD, k = e™?,0 < 6 < 2mandn = 0,+1,+2,... Thus kk = 1. Thus the previous equation becomes
Or(A) = [T + A0 = TT*)a(I — kDT = T*T)2] I,

Similarly,
kO, (k2) = [—kT + (KR)AU — TT*)2(l — (ROT?) "1 = T*T)3] |py-

Once again, since k € dD, kk = 1. Thus, the above equation simplifies to
kO7(kA) = [—KT + A(I = TT*Ye(I — (RDT*) (I — T*T)2]p,.
This completes the proof.

Theorem 2.5 B Two c.n.u contractions T, and T, are unitarily equivalent if and only if their characteristic functions coincide.

Proof. Suppose T; and T, are unitarily equivalent c.n.u contractions. Then there exists a unitary operator U such that T, = U*T,U.
Using the definition of the characteristic function and the fact that we have

@n @ = QU*TZU(/U
= ~(UTU)+ A - UTO)UTU)I —AU*TZ*U)‘1(I - (U'TU)UT))
= =(UTU)+A-UnI)U)d - AU*TZ*U)'1(1 -U(T,T)U)
= U*@TZ(A)U, 1€D.

Without loss of generality, we let V = U*. The proof of the converse is trivial.

The above result can also be proved using the Neumann series and some computation as follows:

Oyry+(A) = U[-T + Z}Z5 A DT Dr|U” |, = UO (DU,

for some unitary operator U and a c.n.u. contraction T

This result also says that if T and S are unitarily equivalent c.n.u contractions, then their characteristic functions ©; and ©g are
unitarily equivalent, with the unitary equivalence being implemented by the same operator U.

Remark: Theorem 2.5 shows that the converse to Theorem 2.2 holds for c.n.u. contractions. Theorem 2.5 says that the
characteristic function, modulo coincidence, is a complete unitary invariant for c.n.u contractions. This indicates that it should be

possible to recover a c.n.u contraction, up to unitary equivalence, from its characteristic function.

Recall that a C;, contraction is quasisimilar to a unitary operator and not similar. The following result was proved by Kerchy [,
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Theorem 2.6 If T is a c.n.u contraction and the characteristic function ©; of T is constant, then T is the orthogonal direct sum of a
unilateral shift and a C,; contraction.

Theorem 2.6 says that a c.n.u contraction with a constant characteristic function decomposes as a direct sum of a unilateral shift
and an operator quasisimilar to a unitary operator. But since T is c.n.u, the C;; part of T cannot be unitary, otherwise this would
contradict the complete non-unitarity of T. The following result was proved by Nagy and Foias [

Theorem 2.7 Bl (Theorem 1.3.2). To every contraction T on a Hilbert space H there corresponds a uniquely determined
decomposition of 3¢ into an orthogonal sum of subspaces reducing T, say } = My €@ H;, such that T, = T|,, Is unitary and
Ty = Tlg, is c.n.u. In particular, for an isometry, this canonical decomposition coincides with the von Neumann-Wold
decomposition.

For a contraction 7 with decomposition T = T, & T; as in Theorem 2.7, we have Dy = 0 @ Dy,, Dy~ = 0 @ Dy, Dy = Dr, and
Dr+ = Dr;. These results lead us to the following result.

We present a simple method to show that ©1(1) = @, (4), using the notion of orthogonal projections from 3 = M, & M; onto
M, and M, respectively.

Corollary 2.8 Let T € B(H) have the decomposition T = T, @ T;, with respect to the direct sum decomposition H = M, P
My, where Ty is unitary and T; is c.n.u. Then 61(4) = 6, (1).

Proof. First, we note that T =T, @ T, = T, P, + T, P;, where P, and P; are the orthogonal projections from 3 onto M, and M;,
respectively. Clearly Dr = (I — T{Ty)P, and D7+ = (I — T{T;) Py, and consequently, Dy = Dr, P; and Dr+ = Dy Py. This leads to
the fact that D = Dy, < My and Dy+ = Dy € M. A simple computation and an application of Theorem 2.3 using the fact that
Tylpy, = 0 and T()*”‘1|DT1 = 0 we get

o) = @Tgearl (@]
O [=(To ® T1) + A(Drser ) — A(Tg @ T1)) ™' Dryr, ]

@@ T+ ) Dy (T & "Dy Yoy,
n=1

(=T + ) DTy Dp Yo,
n=1

0 = o).

Theorem 2.9 If T is a contraction, then @, (1) is a unitary operator on any arc of D belonging to the resolvent set of T.

Proof. Denote by Q. the set of complex numbers A for which the operator (I — AT™) is boundedly invertible. For 4 € Q; and
using the Neumann series for (I — AT*)~1, we define

Or() = {=T + ADy-(I = AT*) "' Ds}Ip, 2.1)
= {-T + Zyoy A"Dy-T*" ' Dy}lp,, A €D (2.2)

Clearly Qr is an open set that contains D and © (1) is analytic on Q.. Applying (2.1) to T* as well as to T, we obtain
07+(1) = 07:(1), 4 € Qr,

and thus in particular

01 =0:(1),1€D

If A € 9D (i.e. A is a point on the unit circle) belonging to the resolvent set p(T), then 1 = (1)~ € O and hence

Or(M) =011 =0 (D) = 07 (V)"

This proves that ©,(1) is a unitary operator.

The class of nilpotent contractions yields a natural set of examples of c.n.u contractions with polynomial characteristic functions.

For example, let T be a contraction and nilpotent of order n, where n > 1. Thatis, || T I< 1 and T™ = 0 and T™"1 # 0. Therefore
D+T*¥Dy = 0 for all k > n. Using this fact, the characteristic function . of T is given by
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0r(1) [=T + AD7+(Iy — AT*) "' Dr]lp,

[T + X0 21D T**Drlp,.,

[T + Zp2§ A 1D7-T* Dy,

for all 1 € D (see) . This shows that ©; is a polynomial of degree less or equal to n.

Structure of c.n.u. Contractions

Recall that a pure isometry is a unilateral shift of some multiplicity and a pure co-isometry is the adjoint of a pure isometry. It has
been shown in [? that the characteristic function ®; of a c.n.u. contraction T on a Hilbert space 7 is a polynomial of degree < n if
and only if there exist three subspaces H,, My, H_; of H such that I has the orthogonal decomposition H = H;, & M; @ H_,
and a pure isometry S € B(H;), a nilpotent operator N € B(M;) of order n and a pure co-isometry C € B(H_;) such that T has

S *x %
the following matrix representation or triangulation T = [0 N« [. The spaces on which one or two of the diagonal blocks acts
0 0 C

may be {0} and this leads to the following six degenerate cases:
r= [0 N]'[O C]'[O C]'[S]’ [N], [C].

Function models for the degenerate cases of contractions have been constructed in [2] . The case when T = [S] has been solved in
Theorem 2.3. The case when T = [(] easily follows from Theorem 2.3 by considering S* instead of S .

Theorem 2.10 Let T € B(H) be a c.n.u contraction with an operator-valued polynomial characteristic function @1. Then T takes
the form T = [(S) E] where S and C* are unilateral shifts of arbitrary multiplicities if and only if ®()) coincides with ©(0), A €

D(that is the characteristic function is constant).

In Theorem 2.10, C is a co-isometry. The spaces on which the two diagonal blocks acts may be the zero space {0}. Therefore
some of these entries may be absent. If T is an isometry, then the characteristic function is a constant. In this particular case,
0,(1) and ©+(0) not only coincide but are equal, this also applies to a unilateral shift, since it is an isometry.

We give an examples of the case when T = [N], where N has order 2,3 in C? and C3.

Example 2.11 For T = [8 (1)] acting on the Hilbert space 7 = C?, it is easy to show that the 2 x 2-matrix-valued characteristic

function of T is Or(A) = [22 (;1] |span{(1)}. This shows that Ot is a polynomial of degree less or equal to 2. A simple
0

computation also shows that

1 —_
0r() = [0 ) g‘] =07 = 0@ = 0:(2)",

which agrees with Theorem 2.9. We note also that ®;(1)~? is not contractive for 1 - 0. This means that || (1)~ x I=Il x || for
alx#0asi—0.

The following example gives a c.n.u contraction which is nilpotent of order 3 but it has a constant characteristic polynomial.

0 1 0
ConsiderT=10 0 1

0 00
is independent of A and is thus constant. That is, it is of degree zero.

. A simple computation shows that ©1(4) = 07(0) = —T|p,. This shows that the characteristic function

Note that the characteristic function of these degenerate cases may be independent of the order of N. For instance, the operator

0 1 0 0 -1 0
T=|(0 0 o0]isnilpotentoforder2 but®,(A))=1122 0 0.
0 0 O 0 O A

A contractive analytic function ©:ID — B(Dy, Dy+) is called inner if its boundary values @(e't) are isometries (or have modulus
1) almost everywhere on dID.

Theorem 2.12 Let T € B(H) be a c.n.u contraction. Then T € C, if and only if & is inner.

A c.n.u. contraction T such that ¥(T) = 0, for some nonzero function ¥ € H*, then T" — 0 and T*" — 0, i.e. T € Cy. Thus a
c.n.u contraction T € C,, is said to be a Cy-contraction if there exists an inner function W such that ¥(T) = 0.
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We call C, the class of those completely non-unitary contractions T for which there exists a nonzero function ¥ € H* such that
Y(T) = 0. Clearly C,  Cy,. In Nagy and Foias ! it is observed that for T € C,, the function ¥ in the definition can always be
taken to be inner. Clearly @ is inner precisely when T™ — 0 strongly(i.e. T € C,).

Corollary 2.13 Let T € B(H) be a c.n.u contraction. Then T € C,, if and only if @ is inner.

Proof. Suppose 07 is inner. Then T™ — 0 strongly, which means that T € C, . Conversely, suppose T € Cyo. Then T € Cy N C.
Using Theorem 2.12 and the fact that T is a c.n.u contraction, the result follows.

If 97+ < oo, then B(Dy, Dy+) is topologically isomorphic to a separable Hilbert space. Recall that the Hardy space H? or H? (D) is
the space of analytic functions on D with square-summable Taylor coefficients; that is

©

HXD): = {f:D — G analytic, f(z) = Z a2 I f 2= Z a, |2 < oo}
n=0

n=0

2 . de_ 1
= {f:D — C analytic: lim (J. |f(re?)|? =——)2 < 0}
17 g 2

Recall also the Hardy space H* is the space of all bounded analytic functions on the unit disc . Clearly, H?(D) embeds
isometrically as a closed subspace of L? (D), via

) n o) int
Zn:O anz= — Zn:o ane 4

where the series converges almost everywhere on D, by taking the radial limits
(e = lim 0(re't),® € H?(D).

r—
Thus ©;: 9D — B(Dr, Dy+) belongs to the unit ball of L* (0D, B(Dr, Dr+)).

We investigate some operators associated with inner functions. Let T be a contraction on a Hilbert space . The analytic Toeplitz
operator Tg: H? — H? defined by (T f)(2) = 0(2)f (), where ® € H* is an inner function and z € D,, f € HZ. This operator
is similar to the shift operator S on L2(0,) defined by Sf(t) = f(t + 1). If d; = d;~ = 1, these operators are unitarily
equivalent.

Lemma 2.14 Let T be a contraction. The Toeplitz operator Tg is an isometry if and only if © is inner.
We denote by H* (B (D, D7+)) the operator Hardy class of bounded analytic functions whose values are bounded operators from
DT tO DT*.

Lemma 2.15 Let T be a c.n.u. contraction. The Toeplitz operator Tg is a unilateral shift if and only if ® is a non-constant inner
function.

Theorem 2.16 If ©; € H*(B(Dt, Dr+)) is an inner function and is onto then O is a unitary constant.

Proof. Since ©;: Dy — D4+ is onto, we have that @,.D; = D,-. Thus, the analytic Toeplitz operator Tg associated with T is a
unitary operator. Thus, for every x € D; the function (Tgx)(z) = ©(z)x is constant and hence 04(4) = 04(0). Since 0 is inner,
we conclude that ©(0) must be an isometry. Since ©4(0): Dy — D+ is onto, 04(0)Dy = Dy, and so O4(0) is an onto
isometry, which means that it is a unitary constant.

Proposition 2.17 Let T € B(H) be a contraction of class C, such that dr+ = 1. Then either one of the following statements hold:
(i). T is unitarily equivalent to the shift S.

(ii). T is unitarily equivalent to the shift Sg, for some nonconstant inner function ©.

If T is a c.n.u. contraction and ©, ¥ € L®, then ToTy = Syg, Where Tg: H? — H? defined by Tof = P(0Of), where P: L2(dD) —
H? is the Riesz projection. As seen earlier, if @ € H®, the Toeplitz operator T is just the multiplication operator.

Theorem 2.18 Let T be a c.n.u. contraction. Then T, is idempotent if and only if & = 0 or 0 = I.

Example. Tz[g (1] is in Cy, and hence @T(A)z[gz 0_1] computed earlier is inner. Clearly, 0(e*)*0(e%) =
0 e2][0 —-1]_7q1 0]_ i .
[_1 0 “em 0 ]— [0 1 = [. Thus, ©(e'") is isometric.

Theorem 2.19 Let T € B(H) be a c.n.u contraction with d; = d;~ = 1. Then 0 is scalar-valued.

In Theorem 2.19, we may identify the spaces D, and Dy« with C.
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Similarity, Quasisimilarity and Metric Equivalence of c.n.u. Contractions
In this section we give necessary and sufficient conditions for two c.n.u contractions to be similar, metrically equivalent or
Quasisimilarity. We try to characterize similarity, metric equivalence and quasi-similarity of contractions in terms of their

characteristic functions. We note that unlike unitarily equivalent c.n.u contractions, the characteristic functions of similar c.n.u
1

contractions need not be similar or coincide . To see this, the operators T = [8 (1)] and S = [0 E] are similar c.n.u contractions
0 0
(with similarity transformation X = [(1) g]) but their respective characteristic functions, ©,(1) = [22

0‘1] and (1) =

2 | are not similar/do not coincide for all values of 1 € D. Note also that there cannot exist non-similar contractions

12z B

A
2 2
with identically the same characteristic functions.
Theorem 2.20 If T € B(H) is unitarily equivalent to a unitary operator, then it is unitary.
Proof. Suppose that T = U*SU, where U and S are unitary. The result follows from

T"T=U'S'SU=1=U"SS*"U =TT".

Note that similarity to a unitary operator need not imply unitary.
Is complete non-unitarity invariant under similarity, Quasisimilarity or metric equivalence?

Theorem 2.21 If T € B(H) is metrically equivalent to a unitary operator, then it is isometric.
Note that complete non-unitarity is not invariant under metric equivalence. For instance, the unilateral shift and the identity
operator in H = £2 are metrically equivalent, but the identity operator is not c.n.u.

Theorem 2.22 If S and T are metrically equivalent c.n.u contractions, then 0,5,(2) = O, ().

Proof. The result follows easily from the fact that metric equivalence of T and S implies |S| = |T|.
Corollary 2.23 Suppose S and T are self-adjoint metrically equivalent c.n.u contractions. Then then ©5(A) = 0+ (A).

Theorem 2.24 If T is similar to a c.n.u contraction and if its spectrum has zero Lebesgue measure, then supy<; |l Or(M)71 [I= oo.
Theorem 2.25 T is an invertible contraction if and only if ©,(0) is invertible.

Characteristic Function as an Operator Pencil
A polynomial operator pencil, also known as an operator polynomial, is an expression of the form

LA =A"A, + V1A, + -+ A,

where the A, are linear operators in a Hilbert space and 4 € C is the spectral parameter.

The characteristic function of a c.n.u. contraction can be expressed as

0r(1) = {~T + ADy+(Iyc — AT")Dr}lp, = {~T + AUD;}lp,, (3.1)

where U = Dp+(I3 — AT*) 1 and for all 1 € D.

Remark. In equation (3.1) the characteristic function is presented as a linear operator pencil.

A contraction T € B(H) is called a pure contraction if || Tx lI<Il x |l, for all x € H. Clearly, a pure contraction is completely
non-unitary.

Theorem 3.1 Let T € B(H) be a c.n.u. pure contraction. Then the operator

U= Dpe(lye — AT*)™1

and for all 1 € D is unitary.

Proof. The operator U: Dy — Dy~ is defined by Ux(1) = Dy (I;r — AT*)"1x (1), for all x € Dy and A € D. It suffices to prove
that T is injective and surjective.

Using the Neumann series expansion, we have that

Ux()l) = Z}?:O }lkDT*T*k = AODT*.X' + AlDT*T*X + AZDT*T*Z.X' + -
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Therefore, taking the D+-norm both sides and using the Pythagoras Theorem and the fact that T is pure, we have

IlUx 1?2 = W Dpx >+l A'DpTHx Il +1 A2D T2 || + -
= Nx 1> =l AT x 112+ AP x 112 =1l 22(T*)%x 12 +1 A2(T*)2x 17— -
=l xI>= Lim | A"T*"x |I?
n—-oo
= lxl?

This proves that U is an isometry, and hence injective.

It is not easy to show that Ran(U) = D,-. However, it is easy to show that T is invertible. This follows from the fact that since T
is a pure contraction, so is T* (since I T* II=Il T II< 1) and so D~ is invertible. By hypothesis (I;; — AT*)™1 is also invertible,
which means that U is an invertible isometry. This establishes the claim.

Theorem 3.2 Let T be a nilpotent c.n.u contraction. Then 01, (A) = diag(0, X~ %) = diag(0, fx)'

0 17 ... N 0 0 00 0 0
Example. For the operator T = [0 0], a simple calculation gives that |T| = [0 1], and 0,7 /(1) = 0 ¥ A"] =lo 1|
k=0 1-2

We note that there is a relationship between T and 04(A4). In fact,
sup{ll @A) I: 1 A< 1}=C=IT I

Theorem 3.3 A contraction operator T € B(H) is similar to a unitary operator if and only if ©() is an invertible operator for
every A € D.

Theorem 3.4 If % & o(T*), then O7(1)* = O,+(1). If in addition A & o(T), then ©.(A) is invertible and 6,(1)~! = GT*(%).
Proof. The first claim is straightforward from definition. For the second claim, we first note that

Or()Dr = Dp(I =3 T) 1 GI = T7).

Multiplying from the left by ©,(4) and simplifying, we have

Or()®r-(;)Dr- = Dy

By symmetry, we also have

0r+()0r(A)Dr = Dy.

Theorem 3.5 A contraction T € B(H) is Fredholm if and only if ©4(0) is, and ind(T) = 1 — 0+.

Theorem 3.6 For any contraction T € B(3() the operators Dy and Dg.. (o) are unitarily equivalent.

Proof. Obvious from the definition of ©.

A unilateral shift is the classical example of non-unitary isometry. In fact, they are prototypes of non-unitary isometries. Any
truncated shift operator is nilpotent.

Theorem 3.7 [ (Problem 5.3) Two shifts are unitarily equivalent if and only if they have the same multiplicity.
The following result is a consequence of Theorem 3.7.
Corollary 3.8 Two c.n.u contractions have same multiplicity if and only if their characteristic functions coincide.

Discussion

Contractive operator-valued analytic functions play an important role in operator theory and serve as a bridge between operator
theory and function theory in terms of system realization theory, interpolation theory and scattering and transfer function theory in
classical and quantum physics and linear time invariant systems (cf.) [+ 5 €1, Clearly a contraction operator can be investigated in
details in terms of its Sz.-Nagy-Foias characteristic function.

Conclusion

This study explores key properties and behaviors of contractions in Hilbert spaces, focusing on their characteristic functions and

decompositions. Through the application of Sz.-Nagy-Foias theory, the work demonstrates that completely non-unitary (c.n.u.)
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contractions exhibit unique characteristic functions that provide a comprehensive understanding of their structure. Theorems
presented highlight the relationship between characteristic functions and operator equivalence, offering insights into isometric,
unitary, and nilpotent operators. Ultimately, the study contributes to a deeper understanding of operator theory by linking
analytical functions with operator behaviors and classifications.
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